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Abstract. Laumon introduced the local Fourier transform for £-adic Galois representations of 
local fields, of equal characteristic p different from £, as a powerful tool to study the Fourier- 
Deligne transform of ^-adic sheaves over the afBne line. In this article, we compute explicitly 
the local Fourier transform of monomial representations satisfying a certain ramification condi- 
tion, and deduce Laumon's formula relating the £-factor to the determinant of the local Fourier 
transform under the same condition. 



1.1. In his seminal article [22], Laumon introduced the local Fourier transform for ^-adic Galois 

representations of local fields, of equal characteristic p different from £, providing a powerful tool to 
study the Fourier-DeHgne transform of f-adic sheaves over the affine line. He used it to prove that 
the constant of the functional equation of the L-function associated to an ^-adic representation of 
a function field is a product of local constants, also known as e-factors. As a key step, he gave a 
cohomological interpretation of the £-factor in terms of the determinant of the local Fourier trans- 
form. In this article, we compute explicitly the local Fourier transform of monomial representations 
satisfying a certain ramification condition, and deduce Laumon's formula for e-factors under the 
same condition. Our approach, inspired by our ramification theory [2j, is local and geometric, 
while Laumon's approach is global, combining arithmetic and geometric arguments. 

1.2. One of the main innovations of |;22j, leading to the local Fourier transform, is Laumon's 
principle of stationary phase, which has its origins in the classical theory of asymptotic integrals 
(cf. [^). We briefly recall the classical theory ([10] IV §4). Given two functions (p € '^°°{R,R) 
and / G '^^""(R, C), we are interested in studying the asymptotic behavior at oo of the integral, 
depending on a real parameter t, 



If the derivative of ip does not vanish at any point in Supp(/), then I{t) is rapidly decreasing 
at 00. It follows that if ip has only finitely many critical points in Supp(/), then the asymptotic 
behavior of I{t) at oo is a finite sum of contributions, one from each critical point of p in Supp(/). 
If moreover all critical points of (p are non-degenerate {i.e. the second derivative of (p does not 
vanish at these points), then one can give a very explicit description of I{t) as t tends to oo. 
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1.3. Let fc be a perfect field of chaxacteristic p, A = Spec(fc[a;]) and A — Spec{k[x]) be the 
afHne lines over k (equipped with coordinates x and x), £ he a prime number different from p, 

a non-trivial additive character. We denote by P and P the projective lines over 
k, completions of A and A respectively, and by oo G P and db G P the points at infinity. For 
closed points z G P and z G P, we denote by and the henselizations of P and P at z and z 
respectively, and by and their generic points. Let ^ be a Q^-sheaf over A. The analogue of 
the integral I{t) is provided by the Fourier-Deligne transform which is a complex of ^-adic 

sheaves on A (cf. 13. 2^ : in fact, the precise analogue of I{t) is the sheaf J^^idipoi-^)) (where t is 
replaced by x). The "asymptotic behavior" of this sheaf at do is encoded in its restriction to foo, 
which corresponds to an i-adic representation of the absolute Galois group of the function field 
k{foo) of Too. Let [/ be a dense open subscheme of A such that A — UC A(fc). If ^ is the extension 
by of a smooth Q£-sheaf over U, Laumon proved that we have a canonical decomposition 

(1.3.1) :^\Mmr^^ 4r^(^l^-)' 

where the factor dlp^°°\-^\Tz) is the local Fourier transform of -^{tz at (z,db). The latter trans- 
formation is a functor from Q^-sheaves over to Q^-sheaves over fob, defined by Laumon using 
vanishing cycles (cf. 13. 4p . 

1.4. We assume in the sequel that p > 2. Let S be the spectrum of a henselian discrete valuation 
ring, 77 (resp. s) be its generic (resp. closed) point, v. S ^ A and v: S* ^ P be two morphisms 
such that v{s) = 60. We put z = v{s) and assume for simpHcity (only in the introduction) that 
z G A(A;). We denote by / : S ^ Tz and / : — > Too the morphisms induced by v and v respectively 
(cf. II. 3p . Assume that / and / are finite and etale at 77. Let be a Q^-sheaf of rank 1 over ry. 
Our main theorem l|3.7p says that if (^^, /, /) is a Legendre triple, a condition that will be defined 
below, then we have a canonical isomorphism of sheaves over fob 

(1.4.1) 4'o*^(/*^) ^f*(^^® ^^o(M ® (-^S) ® ^) ' 

where the rank 1 sheaf between brackets on the right hand side is defined as follows : the pull-backs 
of the coordinates x and a; by / and / define two functions on rj, denoted respectively by b and 
c. The sheaf (be) is the Artin-Schreier sheaf over 77 associated to the additive character tpo 
and the function be (cf. I3.ip . The sheaf the Kummer sheaf over ry associated to the 

unique non-trivial character kq : A^2(fc) — > Qe ^"d the function — (cf. 13.31 and IXSj) . Finally, 
is the Qf-sheaf of rank 1 over Spec(fc) corresponding to the quadratic Gauss sum defined by i/^o 
and Ko p.3p . 

We also prove variants of (|1.4.ip for the local Fourier transforms 1?^^'°°'' and 1?^^'°'' p.9p . 

1.5. The notion of a Legendre triple relies on ramification theory. Let R be the completion of the 
local ring of 5', K be its fraction field, i be a uniformizer of R, ord be the valuation of K normalized 
by ord(t) = 1. For any y € K,we put y' = Ramification theory of Artin-Schreier- Witt sheaves 
over Spec(i4r) is described in terms of the Kato filtration on the ring Wm+i{K) of Witt vectors of 
length m + 1, and the homomorphism of de Rham-Witt F™d: Wm+i{K) ^ ^k- We refer to |2l 
for a short review of this theory, and to [21 HH] for more details. 

Let a — (oo, . . . , am) be a non-zero element of Wm-i-i(^), a be the element of K defined by 
the equation F™c?(a) = adt (|2.4.2p . 6, c be non-zero elements of K (for which we will take the 
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functions provided by ll.4p . We say that (a, b, c) is a strong Legendre triple if the following relations 
are satisfied : 

(1.5.1) p'"-'ord(aj) > -n = ord(to) (V < i < m), 

(1.5.2) F™d(a) + cdb = 0, 

(1.5.3) 2oTd{tb'/b) + poTd{tc'/c) < (p - 2)n. 

The inequalities in (|1.5.ip mean that a belongs to the level n of the Kato filtration of Wm+i{K); 
the equality in (|1.5.ip implies that n is the Swan conductor of the sheaf of rank 1 over Spec(i4r) 
defined by a. We may consider equation (|1.5.2p as an analogue of the Legendre transform, used in 
the method of the saddle point ([10] IX §1), and the ramification condition l|1.5.3p as an analogue 
of the convexity condition required for this method (or equivalently, the non-degenerate critical 
points condition in the principle of stationary phase). 

In general, a and b are given, and c will be defined by the equations above. To allow more 
fiexibility, we replace l|1.5.2p by the following weaker but sufficient condition : 

(1.5.4) 2ord(a + cb') > -n + OTd(tc/c); 
we say then that (a, 6, c) is a Legendre triple (cf. I2.13p . 

1.6. We take again the notation and assumptions of 11.41 We say that (5^, 6, c), or (5^,/,/), 
is a Legendre triple if we can write as a tensor product of two Q^-sheaves of rank 1 over ry, 

~ ® ^w, where is tamely ramified at s and is trivialized by a cyclic extension of order 
pm+i of r; (m > 0) and satisfies the following conditions : there exists a G Wm+iiK) such that 
(a,5, c) is a Legendre triple and the pull-back of to Spec{K) is associated to a (cf. I2.16p . It 
follows in particular that ^ is wildly ramified. 

Suppose given the pair (J#, /), we would like to compute the local Fourier transform .^jp^^^'°°\f*'^) ■ 
In order to apply (jl.4.ip . since the morphism / is completely determined by c, the problem is to 
find a non-zero function c over r] such that (^^, b, c) is a Legendre triple. It is clear that we can first 
choose a satisfying l|1.5.ip . and then choose c satisfying (|1.5.4p : but in general, c may not satisfy 
(|1.5.3p . In fact, there are pairs (5^, b) such that the sheaf is not monomial; therefore, 

(|1.4.ip implies that there is no c such that {'^,b,c) is a Legendre triple for such pairs {^,b). On 
the other side, there are extreme cases for which equation (|1.5.3p is impHed by the two others, and 
hence there exists c such that (?#, b, c) is a Legendre triple. Indeed, equations (|1.5.ip and (|1.5.4p 
imply that we have the following relation 

(1.6.1) deg(/) = sw(/,^^)+deg(/), 

where deg(— ) is the degree and sw(— ) is the Swan conductor (cf. I5.2.3p . If / is tamely ramified, 
sw(/*^^) = sw(^^) > 1 and sw(^) -I- deg(/) is prime to p, then / is tamely ramified, and hence 
equation l|1.5.3p is satisfied. Notice that under the assumptions on tameness, we have ord{tb'/b) = 
OTd{tc'/c) = 0. 

A special case of formula l|1.4.ip was conjectured by Laumon and Malgrange (|22j 2.6.3) and 
proved by Fu (13]. It corresponds to the extreme case where is an Artin-Schreier sheaf {i.e., 
m — 0) of Swan conductor s, and / is a tamely ramified morphism of degree r, such that 1 < s < p, 
r -f s is prime to p, and k is algebraically closed. 

1.7. The main idea and the key technical tool for the proof of (|1.4.ip come from our theory of 
ramification p]. We denote by prj^ and prj the canonical projections of 77x^77, by j : 77x^77^ SxkS 
the canonical injection, and put bi = prl{b) and C2 = pr2(c). The proof of l|1.4.ip is made in two 
steps. The first and most important one is a calculus of vanishing cycles under the Legendre 
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conditions. The second one is a computation of the dimension of the local Fourier transform, 
which holds in general without any restriction on the sheaf. 

First, we study the complex of vanishing cycles of the sheaf ji (pr|(J#) (g) ^^„(biC2)) relatively 
to the second projection S Xk S ~* S. By adapting our method in [2], we prove that, under the 
Legendre conditions, this complex can be explicitly described over an open subscheme of a suitable 
blow-up oi S Xk S along a closed subscheme of the diagonal S ^ S Xk S (cf . I4.1ip . Figuratively 
speaking, we kill the ramification by blowing-up in the diagonal, which was the leitmotiv of [,1, !2j. 
From this, we deduce that the sheaf f*iSl^;'^\f*'^)) over T] has a direct factor isomorphic to 

and the morphism /*(^) S\pg°°\f*^): induced by the trace homomorphism /*/* id, is 
injective (cf. 14. 3p . 

Second, in order to prove that the morphism /*(^) ^lpg°°\f*'^) is an isomorphism, it is 
enough to show that the rank of (/*^) is equal to the degree of /. By (|1.6.ip . the latter 

relation is a special case of a general formula proved by Laumon ((2^ 2.4.3) : namely, for any 
Q^-sheaf ^ over Tz , we have 

(1.7.1) rk(^^;;*^(^)) = sw(^) +rk(^). 

We give in the appendix (|B.6P another proof of this equation using a formula of Deligne-Kato 
that computes the dimension of the nearby cycle complex of a sheaf on a smooth curve over a 
strictly henselian trait. DeHgne considered the case where the sheaf has no vertical ramification 
( |21) 5.1.1), and Kato extended the formula to the general case (|lQ 6.7). We give in the appendix 
(|A.13| a brief review of Kato's formula for rank 1 sheaves, which is enough for our application, by 
using his refined Swan conductors. The latter fits perfectly in our ramification theory as proved in 
[2], and hence in the general philosophy of this article. 

1.8. Formula l|1.4.ip has strong relations with the theory of e-factors. First, it was suggested 
by explicit formulas for e-factors of quasi-characters (|8.7.3p (cf. also [Ij). Second, it implies 
Laumon's formula relating e-factors and local Fourier transforms. More precisely, if k is finite, ^ 
is a Q^-sheaf over tq and ^\ is the extension of ^ by to Tq, then Laumon ([22] 3.6.2) proved 
that we have 

(1.8.1) (-l)'*det(ReCf^(a5-i),S'(°'*)(jr)) = e(To, ^i, dx), 

where d is the dimension of d^^^°°\'^), ^{Tf), ^\,dx) is the £-factor of the sheaf ^\ over Tq, and 
Ylecf _ is the reciprocity isomorphism of class field theory for the completion of the function field 
A:(fobTof Too (cf. iH). 

Under the assumptions of l|1.4p . if , /, /) is a Legendre triple and z = 0, we give in 19. 21 a new 
proof of l|1.8.ip for the sheaf ^ = /*(5^). We deduce it from (|1.4.ip by using three ingredients. 
The first one is a classical explicit formula for e-factors involving Gauss sums l|8.7p . The second one 
is a variation on Witt's explicit reciprocity law due to Fontaine l|8.1ip . The third ingredient is new 
(|8.8P : it is an explicit formula for the Langlands A-factor which appears in the induction formula 
for e-factors. We prove the latter by using Deligne's formula for the e-factor of an orthogonal 
representation in terms of its second Stiefel- Whitney class (f6j 1.5), and Serre's formula for the 
second Stiefel- Whitney class of induced representations in terms of the Basse- Witt invariant of 
quadratic forms |26) . 
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1.9. This article is divided into two parts and augmented by two appendices. The first part, with 
a strong geometric flavor, is devoted to the proof of l|1.4.ip . Section [2] develops the necessary tools 
from ramiflcation theory of Artin-Schreier-Witt sheaves. It contains in particular a computation of 
Witt vectors (|2.7p that plays a crucial role in the sequel. In ^ we review the deflnition of the local 
Fourier transform and state the main theorems 13.71 and 13.91 Section |4] is the heart of the article. 
It contains the analysis of a complex of vanishing cycles by blowing-up in the diagonal mentioned 
in ll.71 The proofs of the main theorems are given in HI The second part, with a more arithmetic 
flavor, is devoted to the proof of (|1.8.ip . It starts by a brief review of Stiefel- Whitney classes 
and a formula of Serre in ^ followed by a short complement on reflned logarithmic differents in 
III In IHl we review the theory of e-factors and develop the necessary ingredients for the proof of 
(|1.8.ip . Finally, the proof of this formula is completed in |9l The first appendix ^ reviews the 
Deligne-Kato's formula for the dimension of the nearby cycle complex of a sheaf of rank 1 on a 
smooth curve over a strictly henselian trait. In the second appendix ^B] we apply this formula to 
compute the dimension of the local Fourier transform. 

1.10. C. Sabbah proved an explicit formula for the local Fourier transform of a formal germ of 
meromorphic connection of one complex variable using a blow-up technique |23|. The relation 
between our approaches is not clear. During the preparation of this article, we learned from M. 
Strauch that he made some expectations on a local principle of stationary phase, without giving 
precise formulas. He is motivated by applications to the cohomology of Lubin-Tate spaces. We are 
grateful to an anonymous referee for his thorough reading of the manuscript and helpful comments. 
The first author would like to acknowledge the hospitality of the Department of Mathematical 
Sciences at the University of Tokyo where this work was achieved. 

Notation and conventions 

1.11. In this article (except in |7l |8]and the appendix), we fix a prime number p > 2, a perfect 
field k of characteristic p and an algebraic closure k o{ k. For q a power of p, we denote by the 
unique subfield of k with q elements. We fix also a prime number i different from p, an algebraic 
closure of the field of £-adic numbers and a non-trivial additive character 'ipo'-^p ^ • Fo'^ 
every integer m > 0, we fix an injective homomorphism ipm '■ Z/p™+^Z such that for any 
a € Fp, we have V'm(p™a) — ipo{0'), where p™a denotes the embedding Fp Z/p™+^Z induced by 
the multiplication by p"^ on Z. 

1.12. If X is a scheme and a; € X, we denote by k{x) the residue field of X at a; and by 
ix ■ Spec(K(a;)) X the canonical morphism. 

1.13. For a scheme X, a "Q^-sheaf over X" stands for a "constructible Q^-sheaf over X" in the 
sense of ([Sj 1.1.1). We denote by D|!(X, Q^) the derived category of £-adic sheaves defined in {loc. 
cit, 1.1.2 and 1.1.3). 

2. Calculus on Witt vectors 

2.1. Let i? be a complete discrete valuation ring of equal characteristic p, with residue field k, 
equipped with a uniformizer t, K be the fraction field of i?, ord be the valuation of K normalized 
by ord(t) = 1. We identify R with the ring of power series k\\t\\. For any a; G if , we denote by x^^'^ 
the i-th iterated derivative of x relatively to t {i> 1); we put x'-^-' = x and x' = x^^^ 
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2.2. The module Q]^ is free of rank 1 over R, and hence complete and separated. We identify 
it with a submodule of For a G K'^, we put dlog(a) = da/a G fl]^. We denote by 0}j(log) 
the sub-i?-module of fl]^ generated by fl]^ and the elements of the form dloga for a € R — {0}. 
Then Q]^{log) is a free i?-module of rank 1 generated by d\og{t). We put rj^(log) = ri}j(log) 

k = k ■ d\og{t). We define an increasing exhaustive filtration on D,]^ by setting, for n g Z, 
fiUO]^- = r"17)j(log). We have 

Gr„n], = fil„l]]^/fil„_ir!]^ ~ • dlogit). 

2.3. Let m be an integer > 0, Wm+i{K) be the ring of Witt vectors of length m + 1. Following 
[H [18], we define an increasing exhaustive filtration on the group of Witt vectors W,n+i{K) by 
setting, for n e Z, fil„W„i-|-i(X) to be the subgroup of elements (xq, . . . , Xm) such that 

(2.3.1) p™"*ord(a;0 > ~n for all < i < m. 

We put 

Gr„W™+i(i^) = fil„W™+i(K)/fil„_iW„+i(K). 
Let V: Wm+i{K) W„i+2{K) be the verschiebung endomorphism. We have 

V(fil„W™+i(i^)) c fil„W™+2(if). 

2.4. Let F: W.+iJl^^- ^ W,n^ be the Frobenius endomorphism of the de Rham-Witt complex 
of K over k. The homomorphism 

(2.4.1) F™d: W„+i(i^) ^ 
is given by the formula 

m 

(2.4.2) F™d(xo,...,x„) = ^a;f""""'da;,. 
Therefore, for any integer n, we have 

(2.4.3) F'"d(fil„W™+i(i^)) C fil„f7^. 
We deduce a canonical homomorphism 

(2.4.4) gr„(F™d) : Gr„W,„+i(if) ^ Gr„r!]f. 

2.5. The exact sequence 

(2.5.1) ^Z/p'"+iZ ^W^+i^^W™+i ^0 

induces a surjective homomorphism 

(2.5.2) (5„+i : W,n+i{K) ^ n^K.I/p^+^Z). 

We define an increasing exhaustive filtration on H^(_ft', Z/p™+^Z) by setting (for n G Z) 

(2.5.3) fil„Hi(i^,Z/p'"+iZ) = 5™+i(fil„W^+i(i^)). 
We put 

Gr„Hi(X,Z/p"+iZ) = fil„Hi(if,Z/p™+iZ)/fil„_iHi(i^,Z/p™+iZ). 
By ([H] 3.2, [2] 10.7), for any integer n > 1, there exists a unique homomorphism 

(2.5.4) Vm.n : Gr„Hi (JC, Z/p^+^Z) ^ Gr„17if 
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making the following diagram commutative : 

(2.5.5) Gr„W,„+i (K) — '-^ Grn^], 

gi'„('5™ + i) 

Gr„Hi(X,Z/p"+iZ) 

For any % € li^{K,'Z/p™'^^Z), the Swan conductor of x, sw(x), is the smallest integer n > 
such that X e fil„Hi(X, Z/p^+^Z) (cf. [4] cor. of theo. 1, Kato defined the refined Swan 

conductor of x, rsw(x), as the image of the class of x by the homomorphism 

V'm.sw(x): Grsw(x)H^(-ftr,Z/p"+^Z) ^ Grsw(x)f^if- 

2.6. Let k{9) be the field of rational functions in one variable 9 over k, Rl — k{6)[[t]] be the ring 
of power series in the variable t over k{6), L be the fraction field of Rl- We consider L as an 
extension of K by the fc-homomorphism v: K ^ L defined by v{t) — t. Let r be an integer > 1, 
u: K ^ L he the /c-homomorphism defined by u{t) — til + V9). In ([2j 13.4), we proved that for 
any integer rt, the group homomorphism 

(2.6.1) u-v: W„r+i{K) ^ W™+i(L) 

maps fil„Wm+i (K) to fil„_rWm+i (L), and we expressed the induced homomorphism on the graded 
pieces 

Gr„W™+i(i^) ^ Gr„_,W™+i(i). 
We refine this result as follows : 

Proposition 2.7. Let n be an integer, a = (cq, . . . ,«,„) G filnWm+iiK), a be the element of K 
such that F™(ia — adt. Then ord(to) > — n and we have 

(2.7.1) uia) - a = V" I ^ — ^(^'^)' 1 fil„-p.W„,+i(L). 

First, we prove some preliminary results. We define a sequence of polynomials (n > 0) 

Qn G Z[-] [Xq, . . . , Xn, Yq, . . . , Yn] 

P 

by the inductive formula 

n n n 

(2.7.2) ^p^(x,(i + r,))^"-' =^p^xf"' + ^p'^gf^\ 

i=0 i=0 i=a 

Observe that for a commutative ring A and elements x = (xq, . . . , x,„), y = (yo,---,ym) and 
2 = (zq, . . . , Zm) of Wm+i(^) such that Zi = Xi{l + Hi) for all < i < m, we have 

(2.7.3) z-x = {Qo{x,y),Qi{x,y), . . .,Qrn{x,y)). 

We denote by X{Y) the shifted p-truncated logarithm, i.e., the polynomial of Z(p) [Y] defined by 

(2.7.4) xiY) Jj2(-^y^'-- 
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Lemma 2.8. (i) The polynomials Qn belong to the ideal of Z[Xo, . . . , X„. Yq, . . . , Yn] generated by 
(Yq, . . . , Yn). 

(ii) // we attach the weight to the variable Xi and the weight to the variable Yi , the polynomial 
Qn is homogeneous of weight . 

(iii) We have the following relation in T^'{-p) [^Oi • ■ • > ilj, ■ • ■ , i^n] 

n-l 

(2.8.1) Q„ = ^xf "'A(r,) + x„r„ mod (p) + (ro,...,r„)f. 

1=0 

Propositions (i) and (ii) are easy. We prove (iii). Since Qi belongs to the ideal (Fqi • ■ • j ^); we 
have 



V 



'g„ = ^p^xf""((i + y,)^""' -1) mod (ro,...,i;OP. 



i=0 



So the required relation follows from the following congruence, for i < n — 1 and 1 < J < p — 1, 



1 



(-1)^+'- mod p. 
J J J 

Lemma 2.9. (i) For any x ^ K , we have 

(2.9.1) u{x)-x = y ^^(eey mod xtP'RL. 

^ — ' i\ 

1=1 

(ii) For any x £ , we have 

(2.9.2) ord - > r. 



X 

(iii) For any x <E , if we put y — ^ , we have 



(2.9.3) A ( ^ - 1 ) ^ E ^^^^(i'^)' mod t^-^ 



i=i 

(i) Since ord(tx') > ord(x) for any x e iiT, we are reduced by the Leibniz rule to proving (|2.9.ip 
for X = t, for X — t^^ and for x G R^ . The first two cases are obvious, and the last one follows 
from Taylor expansion. 

(ii) It follows immediately from (i) and the fact that ord(i*x*^*)) > ord(a;) for all i > 1. 

(iii) Since both sides of (|2.9.3p define group homomorphisms from to RL/t^^RL, it is enough 
to prove (|2.9.3p for x — t and for x & R^ . For x = t, both sides are equal to X{t^6). For x G R^ , we 
are reduced by truncation to the case where x is a polynomial in t with a non-vanishing constant 
term. Then after replacing k by an algebraic closure, we are further reduced to the case where 
X ~ 1 — ct with c £ k. In this case, both sides of (|2.9.3p are equal since 

g Lip (_fL)',..,. 

and for 1 < i < p — 1, 
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2.10. We can now proveEjl We set b = {bo, . . . , 6„) e L™+i, where b, = - 1 if a, ^ 0, and 
bi = if ai = 0; so we have hi e ^Rl l|2.9.2p . It follows from lTSlf ii) and l|2.8.ip that we have 

(2.10.1) p"~'ord(g,(a, b)) > -n + p^'-'r, 

(2.10.2) ord Qm(a, b) - \(bi) - u{ara) + a„i > -n + pr. 

We put Ci = ^ if fli 7^ 0, and = if = 0. It follows from l|2.9.ip and (|2.9.3p that we have 

m— 1 

(2.10.3) «r"'^(^o + '^(^m) 



i=0 



J2< ' J2 -^^it'^y + E -^(t'sy mod 

i=0 j=l ^' 3 = 1 ^' 

E f E "f^'c?-^) + ^ mod t--"i?,. 



The proposition follows since we have by definition 

m — 1 

(2.10.4) a^J2''f'^''^ + '''^- 



Corollary 2.11. We keep the notation of (|2.7p .' moreover, let b,c be non-zero elements of K, 
vib) ~ ord{tb' /b), j/(c) =ord(te'/c). Assume thata + cb' = and v{b) + v{c) < {p—2)r. Then we 
have 

(2.11.1) u{a) - a + V"(c(m(6) - b)) G m„_,(,)_2r(W™+i (L)) 
anrf 

(2.11.2) u(a) - a + Y'^{c{u{b) - b)) = V™(ito^(f ^)2) mod fil„_,(,)_2,_i(W™+i(L)). 
Observe first that we have 

„i 

(2.11.3) a' + c5(2)=a-, 

c 

and for any i > 2, 

(2.11.4) ord(f a('-i) + f 6(*)c) > ord(to — ). 

c 

Indeed, equation a + c6' = implies immediately l|2.11.3p and the following equation 

The relation ord(<z') > ord(z) for any z ^ K, implies that each term of the right hand side has 
bigger valuation than t^b'c' = —t^ac'/c. 
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We have ord(to) > —n (|2.7p . ord(&c) > —n — v{h) and orA{t^ac' /c) > —n + y{c). Hence, we 
deduce from i|2.7.ip and i|2.9.ip that we have 



(2.11.5) u(a)-a + V"(c(u(6)-6)) = 

V™ I (a'^'-^^ + c5(^)) [eeA mod fil„+,(b)_p,W„,+i(L). 



The corollary follows from (|2.11.5p . I|2.11.3p . (|2.11.4p and the assumptions. 

We can replace the condition a + c6' = of I2.11l bv a weaker condition (|2.12.2p as follows : 



Corollary 2.12. We keep the notation of (|2.7p .' moreover, let h,c he non-zero elements of K, 
iy{b) — ovditb' /b), v{c) — ord(tc'/c). Assume that the following conditions are satisfied 

(2.12.1) ord(to) = -n, 

(2.12.2) ovd{a + cb')>-n + v{c)+r, 

(2.12.3) v{b) + v{c) <{p-2)r. 
Then we have 

(2.12.4) u[a) -a + Y'"{ciuib) - b)) e m„_,(,)_2,(W„,+i (L)) 
and 

(2.12.5) u{a) -a + V"\c{u{b) - b)) = V™(ito— (f ^)2) mod fil„_,(,)_2.-i(W,„+i(L)). 

Let Co be the element of K such that a + cob' ~ 0. Since a 7^ 0, we have co 7^ and 

^ c a + cb' 
Co a 

We deduce that ord(l — c/cq) > J^(c) + r > 0; in particular, we have ord(c) = ord(co). The relation 
ord(tz') > ord(z) for any z ^ K, implies that 

and hence we have ^{c) = v{co). By l|2.9.ip . we have 

(c- co)(w(6) -b) = y^(c-co)f — (e9y mod (c ~ co)btP'^ Rl- 
^ — ' %'. 

Taking in account the relations ord(iz') > ord(z) for any z ^ K, ord(6(c — co)) > ord(6co) = 
- v{b), ord(&'(c - cq)) > -n + v{c) + r which is l|2.12.2p . and (|2.12.3p . we deduce that 

(2.12.7) ord((c - cq)(u(5) - b)) > -n + z/(c) + 2r. 

The proposition follows from (|2.12.3p . I|2.12.6p . I|2.12.7p and [2111 

2.13. Let a be a non-zero element of Wm+i{K), 6, c be non-zero elements of K. We denote by a 
the element of K such that F^da = adt, n = — ord(to), ^{b) = ord{tb' /b) and i^(c) ord(tc'/c). 
We say that (a, b, c) is a Legendre triple if the following conditions are satisfied 

(2.13.1) aefil„W„+i(if), 

(2.13.2) 2ord(a -I- cb') > -n + //(c), 

(2.13.3) 2v{b) + pv{c) <{p- 2)n. 
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Under these conditions, n is finite (as a 7^ 0), and it is the smallest integer such that a g 
fil„W„i+i(i^). Moreover, we have n > 1 and OTd{tb'c) ~ —n. We say that {n,iy{b),iy{c)) is 
the conductor of the triple (a, b, c). 

Remark 2.14. Under the assumptions of (|2.13p . if moreover n — ^{c) = 2r is even, then the 
conditions of loc. cit. are equivalent to the conditions of 12.121 

2.15. Let S = Spec(i?), 77 = Spec(ii') be the generic point of S, b,c £ K, he a Q^-sheaf 
of rank 1 over r] triviaHzed by a cyclic extention of order of (m > 0). We denote by 

X S iV-{K,Zi/p™'^^Zi) the class such that ip^^ o X is the character associated to ^ l|l.lip . We say 
that 6, c) is a Legendre triple if there exists a e Wm+i{K) such that 5m+i{o) — X (|2.5.2p . a, b 
and c are non-zero, and (a, b, c) is a Legendre triple. 

Definition 2.16. Let X be a smooth connected curve over k (resp. the spectrum of a henselian 
discrete valuation ring of equal characteristric p and residue field k), s be a closed point oi X ,U 
be the open subscheme X — {s} of X, x,y & T{U, &x), ^ he a smooth Q^-sheaf of rank 1 over U. 
Let S be the spectrum of the completion of the local ring of X aX s, rj be the generic point of S, 
h: S ^ X he the canonical map. We say that {^,x,y) is a Legendre triple at s if there exist 
and two smooth Q^-sheaves of rank 1 over U satisfying the following conditions : 

(i) ^~^t®^w; 

(ii) is tamely ramified at s; 

(iii) is trivialized by a cyclic extension of order of [/ (m > 0); 

(iv) (?i^(^^w), Kijiy)) is a Legendre triple in the sense of l|2.15p . 

3. Local Fourier transform 

3.1. Lang's isogeny L of Ga./c = Spec(fc[u]), defined by L*(m) — — u, induces the Artin-Schreier 
exact sequence 

(3.1.1) ^ Fp ^ Ga,k ^ Ga,k ^ 0. 

The push-forward of this extension by the character ^pQ^ (|l.lip defines a Q^-sheaf of rank one, , 
on Ga,fe. Following Deligne, if /: X ^ Ga.k is a morphism of schemes, we put ^^„{f) = f*^^„. 

3.2. Let A = Spec(/c[a;]) and A — Spec(fc[x]) be two affine lines over k (equipped with coordinates 
X and x) which are in duality via the pairing A A — > Ga^k defined by {x,x) u ~ xx. We 
denote by P and P the projective lines over fc, completions of A and A respectively, by cx) e P(fc) 
and do G P(fc) the points at infinity, by j : A ^ P and j: A ^ P the canonical injections and by 
pr and pr the canonical projections of A A. We have the Q^-sheaf ^^g{xx) on A x^. A; we put 
^^g{xx) = (j X j)\^^q{xx) on P Xfe p. For a complex K of D|!(A,Q^), the Fourier transform of 
K is the complex "^^oi^) of D|!(A,Q^) defined by 

(3.2.1) ^i,o{K) = Yiw\{w*K®^^,{xx)). 

In the sequel, we will omit the subscript ■00 from the notation and when there is no 
risque of confusion. 

3.3. The Kummer covering of order 2 is the exact sequence 
(3.3.1) 1 -> A^2(fc) ^ G,„,fe ^ Gm,fc -> 1, 
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where [2] is the square power map. We denote by Ji^ the Q^-sheaf of rank 1 on G„i,fc obtained by 
push-forward of this extension by the unique non-trivial character /i2(fc) • For a morphism 

/: X ^ we put = 

Consider the open subschemes [/ = A — {0} of A and J7 = A — {0} of A, equipped with the 
isomorphisms x: U ^ Gm.k and x: U ^ 'Gm,k- Let ^ be the Q^-sheaf on Spec(/c) defined by 

(3.3.2) ^ = ll\{Uj,.je{x)®^^,[x)). 

Then ^ has rank 1 and the H^(C/^,^(x)(g)^^„(a;)), for i 7^ 1, vanish. Moreover, we have canonical 
isomorphisms 

(3.3.3) ^{i*-^{x))[l] ~ %.je{x)(^S, 

(3.3.4) f Rp-r,(if^„(a;2x))[l] ~ J(f{x)®^. 

Indeed, the first assertion and the isomorphism p.3.3p are proved in ([22j 1.4.3.1). Consider the 
morphism tt: A ^ A defined by it{x) = x^ . By the projection formula, we have a canonical 
isomorphism 

Rp"r,(Jf^„(a;2^)) ~ Rp"r,((7r x l)*^^„(ra)) ~ Rpr,((7r x 1),(Q^) ® S^^^ixx)). 
Since we have tt^Q^) ~ j^^eQ^, the isomorphism (pXi)) follows from (pXSj) and ([22] 1.2.2.2). 

3.4. Let 2: be a closed point of P, z be a closed point of P, T and T be the henselizations of P and 
P at 2 and z respectively, r and f be the generic points of T and T respectively, ft, : T ^ P and 
h: T — > P be the canonical morphisms, pr and pr be the canonical projections of T x ^T. We denote 
also by x and x the pull-backs of the coordinates x and a; of A and A over r and f respectively, 
and (abusively) by ^^^^(xx) the sheaf {h x K)* ^ ^^j^ixx) over T XkT. Let ^ he a. Q^-sheaf over 
T, JF\ be its extension by zero to T. By (|22] 2.3.2.1 and 2.3.3.1), the complex of vanishing cycles 
^{pr* {^1) ^^„{x^)) ill Dj!(rxfcf, Q^), relatively to the projection pr: Tx^T ^ T, is supported 
on z Xfe f and has cohomology only in degree 1. Following Laumon, we call local Fourier transform 
of ^ at (z, z), and denoted by ^^'■^'^^(J?), the Q^-sheaf over z Xk f defined by 

(3.4.1) = {t, X l)*($i(pr*(^,)®^^„(xi))). 

In fact, 5^(^'*)(^) vanishes if (2,2) G A x A (|22] 2.3.2.1 and 2.3.3.1). Observe that if z or z is 
fc-rational (which is the case if (2,2) ^ A x A), then 2 X/j T is connected; more precisely, if 2 is 
A:-rational, then z x^T — T, and if 2 is /c-rational, then 2 x^ T is a finite etale covering of T. 

3.5. We keep the notation of (|3.4p . moreover, let k' be a finite extension of k, u: k{z) —f k' and 
ii: k{z) k' be two fc-homomorphisms, where k(z) and k{z) are the residue fields of z and 2 
respectively. The pairs (2,u) and {z,u) define rational points z' G Pfc'(fc') and 2' S Pfc'(fc'). Let 
T' and T' be the henseHzations of Pfe' and Pfc' at 2' and 2' respectively, r' and f' be the generic 
points of T' and T' respectively, f : T' ^ T and f : T' T he the canonical morphisms. The 
canonical morphism T' ^ k' ®kT induces a morphism /: T' ^ z x^T. For any Q^-sheaf over 
t', we can consider the local Fourier transform H-^'), of at (2', z'), which is Q^-sheaf over 

f' = 2' Xfe/ f'. 

Proposition 3.6. We keep the notation of i|3.5p . 

(i) For any Qg- sheaf overr, we have a canonical functorial isomorphism over f : 

(3.6.1) r(;?(^^*n^)) -ff^"''''^(r^)- 
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(ii) Assume that z is k-rational. Then for any Q^-sheaf over t' , we have a canonical func- 
torial isomorphism over z Xkf : 

(3.6.2) - d^'''\f*^'). 
Consider the following commutative diagram with cartesian squares 

T' Xk' f' — ^ T' Xkf' ^ T' Xkf T' 

/ 

y 

pr 

TxkT *-r 

pr 

t, / 

T' *-T 

Observe that 7 is an open and a closed immersion, and hence is etale. Let be a Q^-sheaf over 
T' Xkf, be its pull-back over T' Xk' f'. We consider the complexes of vanishing cycles <I>(^^) in 
D^(r' Xk f,Qf) and $(^') in D^{T' Xk- f Mi), relatively to the second projections T' Xkf ^f 
and T' Xk' f' ^ f' respectively. We denote by 

(3.6.3) p:T' Xk'f' ^T' Xkf 

the canonical morphism. By ([7j [Th. finitude] 3.7) and (p] XIII 2.1.7.2), and since 7 is etale, we 
have a canonical isomorphism 

(3.6.4) p*($(^)) ^ $(^')- 

(i) We consider the sheaf ^ — pr*(^!) (g) ^^g{xx) over T Xkf, and its complex of vanishing 
cycles ^{Jf) in Djj(r Xk t, Q^), relatively to the projection pr. We take for ^ the inverse image 
of over T' Xkf- By (|9j XIII 2.1.7.2), since / is etale, we have a canonical isomorphism 

(3.6.5) (/ X 1)*($(^)) ^ $(^). 

Then the proposition follows from p.6.4p and l|3.6.5p . 

(ii) We consider the sheaf ^ — pr*(/*^|') (g)^^o(xa;) over Txkf, and its complex of vanishing 
cycles ^(J^) in Dj;(T f,Q^), relatively to the projection p'r. We take ^ = prK^,') (g)^.^„{xx) 
over T' Xkf, where we denoted (abusively) by J^'^g{xx) the pull-back of the sheaf J^'^^{xx) over 
T' Xkf- By (^J XIII 2.1.7.1) and the projection formula, since / is finite, we have a canonical 
isomorphism 

(3.6.6) (/X l),(ci>(^))^$(^). 

On the other hand, the canonical morphism f' k' ®kf is an isomorphism by assumption. 
Therefore, p is an isomorphism, and we deduce from l|3.6.4p a functorial isomorphism 

(3.6.7) $(^) ^p,($(^'))- 
The proposition follows from p.6.6p and p.6.7p . 

Theorem 3.7. Let S he the spectrum of a henselian discrete valuation ring of equal characteristic 
p, with perfect residue field, s (resp. rj) be the closed (resp. generic) point of S, he a Qf -sheaf of 
rank 1 over rj, v. S A and v: S -^F he two non-constant morphisms ( with the notation of \3.2]) . 
We put z — v{s), z = v{s), b and c the functions on r/ deduced hy pull-hack from the coordinates 
X and x of A and A respectively. We take again the notation of p.4p relatively to z and z, and 
denote by f : S ^ T and f : S ^ f the morphisms induced by v and v respectively, by q: T ^ z 
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the canonical morphism, and by f : S z x^T the morphism {q o f, f)- We assume that , 6, c) 
is a Legendre triple at s (|2.16p . and f and f are finite and etale at rj. Then z ~ 60 and we have 
a canonical isomorphism 



(3.7.1) 



The following diagram summarizes the geometric picture of theorem 13.71 : 
(3.7.2) 5xfe5 ^S. 




The proof of theorem 13.71 is given in 
under an extra condition (13.91). 



For {z,z) = (00,0) or (cx),db), the result is also valid 



Remark 3.8. We keep the notation of l|3.7p . It is clear that ^^j}. is a free ^T-module of rank 1. 
So the ^5-module rii/j, is of finite type, and hence free of rank 1 because its completion along the 



closed point of S is free of rank 1. In particular, is a well defined function over 77. 

Theorem 3.9. Let S be the spectrum of a henselian discrete valuation ring of equal characteristic 
p, with perfect residue field, s (resp. rj) be the closed (resp. generic) point of S , be a Qg-sheaf of 
rank 1 over rj, v: S ^ P and v: S P be two non-constant morphisms (with the notation of \3.2\} . 
We put z — v{s), z — v{s), b and c the functions on rj deduced by pull-back from the coordinates 
X and X of A and A respectively. We take again the notation of p.4p relatively to z and z, and 
denote by f : S ^ T and f : S T the morphisms induced by v and v respectively. We assume 
that the following conditions are satisfied : 

(i) (^^, 6, c) is a Legendre triple at s l|2.16p ; 

(ii) / and f are finite and etale at rj; 

(iii) z — 00. 

Moreover, we assume that one of the following conditions is satisfied : 

(iv) z — and all the slopes of f<,{'i^) are < 1; 
(iv') z — (X) and all the slopes of f!,{W) are > 1. 
Then we have a canonical isomorphism 

(3.9.1) d^'^'Hf.m ^ f* ® -^^oibc) ^ "^^^ 



2dh 



The proof of theorem 13.91 is given in |5l 



Remark 3.10. We keep the notation of l|3.9p . and put sw(/*^) and rk(/,^^) the Swan conductor 
and the rank of /*(^^). If conditions (i), (ii) and (iii) are satisfied, if / is tamely ramified and if 
sw(/*^) 7^ rk(/*J#), then one of the conditions (iv) or (iv') is satisfied (cf. (|5.2.2p and [19] 1.13). 
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4. Nearby cycles and blow-up of the diagonal 

4.1. We keep the notation of p.2p . Let X = Spec(i?) be a smooth connected afRne curve over 
k, s G X{k), U be the open subscheme X — {s} o{ X, t G B he & local parameter at s which 
is invertible on U. Let g: X ^ V and g: X ^ V he two non-constant /c-morphisms, z — g{s), 
z — g{s). We assume that g and g are generically etale and that g{U) C A and g(U) C A. The 
coordinates x and x oi A and A define two sections in T{U, 0x) — Bt, that we denote also by x 
and X. 

We take again the notation of p.4p relatively to the points z and z. Let S — Spec(_B'^) be the 
henselization oi X aX s, h: S X he the canonical morphism, f : S ^ T and /: S* ^ T be the 
morphisms induced by g and g respectively. We denote (abusively) by t the uniformizer of B^ 
image oi t G B and by s the closed point of S. Let 77 be the generic point of S, rj (resp. s) be a 
geometric point of S above 77 (resp. s). We denote by b and c the images of respectively x and x 
by the canonical homomorphism Bt ^ B\. Recall l|3.8p that ^ is a well defined function over 77. 

We denote by prj^ and pr2 the canonical projections oi X x.]. S ox X x.kT : 



X XkS ^X XfcT 




5- 



■T 



We consider the sheaf J^'^g{xx) over P Xj, P, and denote also by ^^^{xx) its pull-back hy g x h 
over X XkT, and by {xc) its pull-back hy g x {ho f) over X XkS. These notation are coherent 
with our conventions, and do not lead to any ambiguity. 

4.2. Let be a smooth Q^-sheaf of rank 1 over U, % he the extension by of to X, 'S^^ = ?i^(^). 
The purpose of this section is to study the complex of vanishing cycles 

$(pr*(5^!)«)^^o(a^*)) 

in Tli\{X Xk T,Q<>), relatively to the projection pr^: X Xkf ^ f. By (0 [Th. finitude] 3.7), 
(1 X /)*(<i>(pr*(^^!) (g) ^jf,g{xx))) is canonically isomorphic to the complex of vanishing cycles 

$(prJ(^!)®^Vo(a;c)) 

in D^(X Xfe 7], Qg), relatively to the projection prj : X Xk S ^ S. 

Proposition 4.3. Assume that {'^,x,x) is a Legendre triple at s i|2.16p . 

(i) The complex ^{Y>r\{%)i^J^^^^ {xc)) is supported at sXkr/ and has cohomology only in degree 1, 
and the complex <i>(pr^(?#!) (g) J^',pg{xx)) is supported at sXkf and has cohomology only in degree 1. 

(ii) The sheaf {is x 1)* {^^ {pT:l{'if\) (g) ^^^(a^c))) over rj has a direct factor canonically isomor- 
phic to 



(4.3.1) 



1 dc 

,^^,^^{bc)®J(f[--- 



where the sheaves and ^ are defined in l|3.3p . 
(iii) The morphism 

(4.3.2) U{9) -> {is X l)*($i(prt(^,) ®^^„(a;x))) 
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induced by the trace morphism /*/* id, is injective. 

Proposition (i) is due to Laumon ([22] 2.3.2.1 and 2.3.3.1). We prove the first statement (which 
implies the second). By the ^-exactness of the functor $ ([3] 4.4.2 and [H] 4.2), it is enough to 
prove that the complex ^{prl{'i^\) (g) Jf^„(xc)) is supported on s Xkij. Let ord be the valuation of 
Bf normalized by ord(t) — 1. If ord(c) > 0, the sheaf pr^(J#!) (g) ^^^(xc) is smooth over U X/. S, 
and the assertion follows from ([9] XIII 2.1.5). If ord(c) < 0, the assertion is a consequence of ([22j 
1.3.1.2). 

Propositions I4.3f ii V (iii) will be proved in 14.151 and 14.181 

4.4. Let X x|°^ S be the logarithmic product of X and S over k, i.e., the open subscheme of the 
blow-up of X Xk S along the closed point s x s, obtained by removing the strict transforms of the 
axes X XkS and sXkS ([2j 4.3). The parameter t identifies X x)°^5 with the affine scheme defined 
by the /c-algebra 

(4.4.1) B B^[w, w~^]/{t ® 1 - 1 ® t • w). 

We denote also by prj^ and pr2 the canonical projections from X xj°^ S* to X and S respectively. 
Then prj is smooth, and we have a canonical isomorphism pr^^(ry) ~ U x^rj. The strict transform 
of the graph S —>■ X Xk S of h defines a closed embedding 

(4.4.2) S: S X x^°<^ S, 

whose ideal in the ring l|4.4.ip is generated by w — 1. We put Y = pr2"^(s) and e = S{s) e Y{k). 
Then Y is canonically isomorphic to the multiplicative group Gm.k — Spec(A:[w, w~^]) and e is the 
neutral element 1. 

4.5. We denote by the sheaf over U Xki] defined by 
(4.5.1) ^ = ^om(pr;(%),prt(^)), 
and consider the complex of nearby cycles 

^^(jr®if^„(c(a;-6))) 

in D^(F Xfc rjjQg), relatively to the projection pr2 : X x|°^ S ^ S. The following proposition is a 
refinement of I4.3f i)-(ii). It will not be used in this article, and will be proved in 14. 191 

Proposition 4.6. Assume that {'^,x,x) is a Legendre triple at s l|2.16p and z G {0, do}. 

(i) The complex "^rjiJ^ <8) .^^o(c(x — b))) is supported on Y. Xk r/, where Y is a finite subgroup- 
scheme ofY = Gm.k, and has cohomology only in degree 1. 

(ii) The sheaf {ie x l)*(^^(^(g)^^Q (c(x— fe)))) overrj has a direct factor canonically isomorphic 
to (— 535) ® ^, where the sheaves .J(f and J2 are defined in \Z.2>\ . 

Remark 4.7. Condition l|2.13.3p contained in the definition of a Legendre triple is not necessary 
for proposition I4.6r i). 

4.8. We assume in the sequel of this section that (5^, x, x) is a Legendre triple at s. Let R be the 
completion of i?'', K be the fraction field of R. We identify R with the ring of power series k\\t\\. 
We denote also by b and c the images of b and c'mK. By definition (|2.16p . there exist and 
two smooth Q^-sheaves of rank 1 over U and a G Wm+i{K) (m > 0), satisfying the following 
conditions : 

(i) ^~^t®^w; 

(ii) '^t is tamely ramified at s; 

(iii) is trivialized by a cyclic extension of order p^+i of U . 
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(iv) If we put X = Sm+i{a) G H^(i^, Z/p™+^Z), then V'm^ o ;^ is the character of the pull-back 

of to S^ec{K) (frmi . 

(v) (a,6, c) is a Legendre triple. Let {n,v(h),v(c)) be its conductor (|2.13p . 
We consider the sheaves Mi and over U Xkr] defined by 

(4.8.1) Jft = M'om{wl{Ktj{%)),wl{%)), 

(4.8.2) = ^om(pr*(?i^(^w)),prt(^w)), 

so we have ^ ~ ^ ® l|4.5.ip . We take again the notation of |2l and define a G if by the 
equation ¥"^d{a) = adt. So we have a £ fil„W„i+i(i4r), ord(ia) — ~n, 2ord(a + cb') > —n + v{c) 
and 2i'{b) + piy{c) < [p ~ 2)n. In particular, we have n — i^(c) > 1. We denote by 7 the non-zero 
element of k defined by 

(4.8.3) 7 - - f r+V J mod tR. 

Proposition 4.9. The sheaf Mt over U Xk rj extends to a smooth sheaf over 
pull-hack by 6 over S is constant. 

We denote by kq the generic point of Y (|4.4p , hy Rlo the completion of the local ring of X x J?^ S 
at Kq (which is a discrete valuation ring), by Lq the fraction field of Rlq, by (resp. /^^) the 
tame inertia group of K (resp. Lq). The restriction of to Spec(Lo) is tamely ramified. Since the 
projections prj^ and pr2 of X x S are smooth, they induce the same isomorphism Ij^^ — > I^. We 
deduce that the representation of /^^ defined by the sheaf Jifl is trivial, and hence the restriction 
of ^ to Spec(Lo) is unramified. The first assertion follows by the Zariski-Nagata's purity theorem 
(SGA 2 X 3.4). The second assertion is a consequence of the first one and the fact that the 
restriction of ^ to i5(?7) is trivial. 

4.10. Let r be an integer > 1, 5',- be the closed subscheme of S defined by , {X xj°^ S)[r] be the 
blow-up of X xj?^ S along S{Sr), {X x)°^ <S')(r) be the dilatation of X xj?^ 5 along S of thickening 
r, that is, the open subscheme of {X x)°® S)[r] obtained by removing the strict transform of Y, or 
equivalently, the maximal open subscheme of {X x J?® S) [r] where the exceptional divisor is defined 
by pr2(t'') ([2] 3.1). We denote by 9^ the exceptional divisor on {X x|°^ S)(^r), by 

(4.10.1) S^r)-S^{Xx'°^S)^r) 

the unique lifting of S {i.e. the strict transform of S), and abusively by prj^ and prg the projections 
from {X xj.°^ S)(^r) to X and S respectively. Then pr2 is smooth; the commutative diagram 

(4.10.2) ^{X x'°^ S)^r)^ UxkV 

Sr ^ s ^ n 

has Cartisian squares; and 0^ is canonically isomorphic to the vector bundle V(ri^y^(logs) ®x 
&sXSr)) overSr (M 4-6). 
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It follows from (|4.4.ip that {X x)°^ <S')(r) is the affine scheme of ring 

(4.10.3) B ®k B^'ie, (1 + 1 ® r • o)-^]/{t ® 1 - 1 ® i(i + 1 (8) r • e)), 

©r '^R k is the affine line A = Spec(fc[6']) over k (with coordinate 9), and ^(r) is defined by the 
equation 0. Let k be the generic point of 8^, Rl be the completion of the local ring of (X xj°^ S)(^r) 
at K (which is a discrete valuation ring), L be the fraction field oi Rl, 

(4.10.4) u: K L 

(4.10.5) v: K L 

be the homomorphisms induced respectively by pr^ and prj. We consider L as an extension of K 
by V. By l|4.10.3p . we can identify Rl with the ring A:(6')[[i]]. Then the fc-homomorphisms u and v 
are defined by u{t) — t{l + f^O) and v{t) = t. 

Proposition 4.11. Assume that n — v(c) — 2r is even. Let be the closed subscheme ofUxkrj 
inverse image by the morphism g Xkf] of the section rj ^ A rj defined by c (which is also the 
closed subscheme ofUxkrj defined by the equation x ~ c), T^j.) the schematic closure ofTn in 



en 



(Xx-8 5)m. Th 

(i) The scheme T(^r) is quasi-finite over S, and S(^j.){S) is the finite part ofT(^r)- 

(ii) The sheaf ® Ji'^„{c{x — b)) over U Xk rj extends to a smooth sheaf over {X x^^^ S)(^r) 
whose restriction to 8r ®r k — A is canonically isomorphic to the sheaf J^^„{'i9'^) . 

(i) Recall first that any quasi-finite separated scheme Z over S can de decomposed canonically 
into a sum ILZ^, where Z^ is finite over S (called the finite part of Z) and the special fiber of 
Z^ is empty. It follows from (|2.9.ip and the inequality iy{c) < r{p — 1) that we have 

(4.11.1) u(^)c^t rnod tRL. 

We deduce that the function t^^^'^'-'^^x/c — 1) on U Xk r] extends to a regular function on a 
neighborhood of k in {X x S) (r) . Since {X x S) (r) is a smooth curve over S with an integral 
special fiber, t~'^~'^^'^\x / c— 1) extends to a regular function on {X x)°^S')(r'). The latter belongs to 
the ideal oiTi^^y, so it defines a closed subscheme F'^^^ of {X xjf*5')(r) containing F(^). Moreover, it 
follows from (j4.11.ip that the special fiber of F'^^j is the origin of 8^ ®r k = Spec(fc[6']). Therefore, 

the three closed subschemes 5(^r){S) C F(r) C F'^^^ of {X x'^°^ S)(^r) have the same special fiber, 
which implies the proposition. 
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(ii) It follows from 14.91 that Mi extends to a smooth sheaf on (X x)°^ S){y) whose restriction to 
6r ®R k is constant. The pull-back of ® ^^(,(c(x — b)) to Spec(i) corresponds to the Witt 
vector 

uia) -a + V"(c(u(6) - b)) e W™+i(i). 

By 12.121 the latter belongs to Wm+i{RL), and its residue class modulo t is equal to V™(7^?^) S 
Wm+i{k{9)). Therefore, the pull-back oi Jfv!'S)^ti,o{c{x—b)) to Spec(L) is canonically isomorphic to 
-^iAo(7^^)- We deduce by the Zariski-Nagata's purity theorem (SGA 2 X 3.4) that J^^'S)^^„{c{x- 
b)) extends to a smooth sheaf on {X x)°^ '5')(r) whose restriction to 9^ ^i? A: = A is canonically 
isomorphic to ^^0(7^^). 

Remark 4.12. We keep the notation and assumptions of l|4.1ip . Recall that we have a commu- 
tative diagram 

h 




We consider 77 as a scheme over A by the composed morphism g o h = h o f. Then the closed 
subscheme F,, of C/ 77 is canonically isomorphic to U x^ ry. The morphism S (|4.4.2p induces a 
closed emdedding rj ^ U Xkri, which determines a connected component of ?7 x^ 77. Proposition 
I4.11l fi) says that only this connected component extends to a closed subscheme of {X x)°^ <S')(r) 
which is finite and flat over S, namely i5(r)(5'); the other connected components oi U x^t] are 
closed in {X x)°^ S)(ry 

Lemma 4.13. Let and ^ de the sheaves defined in (jS.Sp . 7 be the element of k defined in 
(|4.8.3p . ^.y be the Qg-sheaf over Spec(fc) defined by 

(4.13.1) ^^=Hi(A^,^^„(702)). 

(i) The sheaf ^-y has rank 1, the H* (A-^r, ^^(, (76''^)), for i ^ I, vanish, and the canonical mor- 
phism 

Hi(Apif^„(7(?2)) ^ Hi(Ap^vJ7e')) 

is an isomorphism. 

■ 2r is even, the sheaf J(f {— ^ m ' 
the geometrically constant sheaf J2-y . 

d, the sheaf {— 1^ jj; ) 

its restriction to the quadratic extension rj = rj[t]/{t^ — t) is unramified and isomorphic to the 
geometrically constant sheaf 



(ii) If n — iy{c) = 2r is even, the sheaf ,J(f{~^^) (81 =S over rj is unramified and isomorphic to 
e geometrically constant sheaf J2-y . 

(iii) If n — i'{c) — 2r + 1 is odd, the sheaf -^(—535) ® over rj is tamely ramified, and 



Observe first that it is enough to prove the lemma after replacing 77 by Spec(i4r). 

(i) Since the sheaf ^^0(76'^) is smooth on A and its Swan conductor at cx) is 2, the assertion 
follows from the Grothendieck-Ogg-Shafarevich formula and ([7] [Sommes trig.] 1.19 and 1.19.1). 

(ii) Condition 2ord(a -|- cb') > —n + ^{c) implies that 

1 / A~'^ic)f.'\ 1 



a- 



2 V c J 2 

so —^7^^ is a square in K. Therefore, the sheaf over Spec(if) is unramified and 

isomorphic to the geometrically constant sheaf J^{j). The last assertion follows from l|3.3.4p . 
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(iii) Condition 2ord(Q! + cb') > —n + v{c) implies that 



1 / +l-i'(c)„/ 

L r+ij 



SO — |f77 ^ is a square in K. The proposition follows as in (ii) 



4.14. Let cr be a fc-automorphism of S. We put S^"^^ : S ^ X x^^^ S the strict transform of the 
graph oi ho <j. The automorphism IxaoiXxkS lifts uniquely to X xj°^ S" and the following 
diagram 



X X 



log 

fc 


s 


1 




log 

fe 


s 



S X. 

is commutative. Hence, 1 x cr induces an isomorphism between the dilatations of X x|°® S along 
and S'-"^ with the same thickening. 

Let cr be a /c-automorphism of X such that cr(x) — x. We denote also by a the fc-automorphism 
of S induced by a. The automorphism crxlof^x^S' lifts uniquely to X xj°^ S" and the following 
diagram 

Xx'°^S 




is commutative. Hence, cr x 1 induces an isomorphism between the dilatations of X x|°® S along 
S and (5''^^ with the same thickening. 

4.15. We can now prove proposition I4.3l fii) . Observe first that we have 

(z, X l)*(^(pr^(^!)®^VoM)) = (i, X l)*($(prt(^,)®^^„(xc))). 
Let ^ be the extension by of ^ (|4XT1) to X Xfe 77, 

We identify ^ with pr^(^^^ (g) ^^„{-bc)) (g) prK'^,) <S)^^„{xc), where is the dual Q^-sheaf of 
^^r, over 77. By ([15] 4.7) (applied with Y = S), we have a canonical isomorphism 

(4.15.1) *^(^) ^ pr;(^;' ® -^^oi-bc)) ® *^(prt(^!) ® ^V'oM) 

in D^(X Xfe ?7,Q£). So we are reduced to proving that the sheaf {is x l)*(\E'^(./#)) over rj has a 
direct factor isomorphic to ^. 



Assume first that n — iy{c) — 2r is even. It follows from 14.1 jT ii) and ([9j 2.1.7.1) that we have 
canonical morphisms of representations of 711(77,^) 

(4.15.2) Hi(Ai,i^^„(70^)) A *;(^)(^,^) - Hi(Ai, JfV„(70^)), 

where the source of u and the target of v are considered as unramified representations of 771(77,77). 
Moreover, w o 7i is the canonical morphism; so it is an isomorphism bv I4.13r i). Hence the required 
assertion follows bv l4.13r ii). 
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Assume next that n — i/(c) is odd. We put B_ = B[i\/t^ ~t,2L— Spec(B), s € 2L{k) the unique 
point of X above s, and denote by an underhne the objects deduced from objects over X by the 
base change X. So is the spectrum of the henseUzation of the local ring of X at s and rj 

is the generic point of S_. Let p: rj ^ rj he the canonical morphism, G be the Galois group of rj 
over r], that we identify with the group of X-automorphisms of 2L- We consider the pull-back ^ 
of ^ over X^y-kV^ ^ind the complex of nearby cycles ^^(^) in D^(X 77, Q^), relatively to the 
second projection X Xfe 5 ^ 5. It follows from ([9j Xlfl 2.1.7.1), (0 [Th. finitude] 3.7) and the 
Hochschild-Serre spectral sequence appHed to the following diagram 

Xy^kS ^X XkS ^X Xk S 

s 

that we have an isomorphism 

(4.15.3) (is X 1)*(*,,(.^)) ~ X in^rji^mf'''', 

where the group G x G acts on '^r, ( ^ ) via its action on X x S^. 

We put K_ ~ K[t]/{t^ — t). The image of (a, b, c) in Wrn+i{K) x K_x I£is a Legendre triple of 
conductor {2n,2i^{b),2i'{c)) l|2.13p . Hence, we can apply STTT] over (X x)?^jS)(r) with r = n — v{c). 
We deduce, as in the even case, that we have canonical morphisms of sheaves over rj 

(4.15.4) ^("^?) ® ^ ^ (*s X ir{%{^)) ^ ^(- J?) ® ^ 

2 ac ~ — 2 ac 

such that V o u is the identity. We let G x G acts on the sheaf -^(— ^^) ^ ^ over 77 through the 
action of the second factor G on rj. It follows from 14. 14^ (|4.10.3p and I4.1ir ii) that u and v are 
(G X G)-equivariant. The required assertion follows by using l|4.15.3p . 




4.16. Let S be the integral closure of S in t],s be its closed point. We denote by X x^°^ S" the 
base change of X x|°^ S by the morphism S ^ S, which is also the logarithmic product of X and 
S over k (|2] 4.3), hy h: S ^ X the morphism induced hy h: S ^ X and by 

(4.16.1) d:S^Xx^°^S 

the base change of S l|4.4.2p . which is also the strict transform of the graph of H. For any k- 
automorphism a of S, we denote by 6^"^^ : S ^ X x^^^ S the strict transform of the graph oi hoa. 
Let r be an integer > 1, iS^ be the closed subscheme of S defined by f. We denote by the ideal 
oit''\Sr) in X x^°^S, by {X x^°<^S)[^l the blow-up of X x 5? along and by (X x)°s 5^)(^) 

the dilatation of X xj°^ along (5^°^' of thickening r, i.e., the open subscheme of {X x|°^ '^)[r]^ 
where the exceptional divisor is generated by pr2(t'"). 

We consider 77 as an etale covering of f by /. Observe that for any a g ni{f,r]), the morphism 

s'' depends only on the class of a in 7ri(?7,^)\7ri(f, 77) (the quotient of 7ri(f,^) by the subgroup 
7ri(r/,77) acting by translation on the left). Moreover, the natural action of 7ri(f, 77) on X x^ S lifts 
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to X x^°^ S, and for any a, a' G tti (7^,77), we have a commutative diagram 
(4.16.2) S ^ ^x'°g^ 

CT lX(T 

In particular, 1 x ct induces an isomorphism from (X xj?^ 5)1^ to (X x|,°^ ^)^^] ^ ^^^^ transforms 
(Xx'°^^)[^;-) into (Xx:°S5)(^^;). 

Lemma 4.17. Let r he an integer > 1, X he the hlow-up of X x|°^ S along the ideal ^ = 
nCTG7ri(77 r;)\7ri(f ))) <J ft^^ quotient o/7ri(f,?7) hy the suhgroup 7ri(?7,^) acting hy translation on the 
left). " • " ^ 

(i) The action of i:i{f,rj) on X xj°^ S" lifts uniquely to X. For every a G 7ri(f,7y), there exists a 
unique morphism ipa- ■ X {X x|°^ ^)[r] ^ ^^k^ ^ ■ 

(ii) For every a G 7ri(f,?7), i^o- induces an isomorphism above {X xj°^ '^)(r) • ■P''^^ ■^(<^) ~ 

(iii) i^or eiier?/ a, a' £ TTi{f,T]), we have cr(X(o-'cr)) = -£(o-'). 

(iv) X-s is connected. 

(v) Assume that n — z^(c) = 2r. Then for every a, a' G 7ri(f,77) suc/i i/iai tr' ^ TTi(ri,T])a, we 
have X(o-) H X(cr') n X-g- = 0. 

(i) Since the action of tti (f, t^) on X x 5 preserves the ideal ^ , it lifts to an action on X. Since 
the ideal ^ is invertible, each ideal ^a^x is invertible (see Bourbaki Alg. Comm. chap. II 
§5.6 theo. 4). Hence, for every a G 7ri(f,77), the canonical morphism X ^ X xj°^ S lifts uniquely 
to a morphism (^c, : X — > (X x)°^ 

(ii) By the universal property of blow-ups, it is enough to prove that for any cr, cr' G 7ri(f,77), 
the inverse image of the ideal ^c;' over {X x'°s S)^")^ is invertible. We denote by C the ring of the 

affine scheme X xj°^ S and (abusively) by t the function G C- The embedding 5 l|4.4.2p is 

defined by the equation w — 1 of the ring l|4.4.ip . Let W be the image of w — 1 in C. For every 
cr G 7ri('f,77), we put W''^"^ = (1 x a)*{W) G C. It follows from (|4.16.2p that the closed embedding 

<5*' "* is defined by the equation W^'^K Hence, we have = {W^"'\t^). For every cr, cr' G 7ri(f,77), 
we have by (|4.4.ip 

cr'*(t)^ ' 

By construction of {X x^^^ S)^^^}^ , t is not a zero divisor and W^"^ is a multiple oit^ there. Therefore, 
the inverse image of {W^"^ \ f) over {X xj°® '^)(rj invertible ideal, equal to the inverse image 
of the invertible ideal {t^ , ^tt^ — 1) of i^g. 

(iii) It follows from (|4.16.2p . 

(iv) Let TT : X — > X x S" be the canonical morphism. Since tt is proper and surjective, and since 
the special fiber of X x)°® S is isomorphic to G„i,s l|4.4p . it is enough to prove that all fibers of tt 
are connected, or equivalently that the canonical morphism y log g > TT* 

i^x) is an isomorphism. 
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We know that 7r,(i^'x) is a coherent (^j^^iogg)-algebra. Since X x^°^ S — Spec(^) is affine, we 
are reduced to showing that = T{X, is isomorphic to . On the one hand, ^ is a normal 
domain because X y.^^ S is smooth over 5'. On the other hand, ^ is a domain with the same 
fraction field as si because tt is a blow-up. Since ^ is finite over we conclude that ^ ~ ja/. 

(v) We provide two proofs. The first one uses rigid geometry. We keep the notation of (iv). 
Recall that X'''^ is an annulus. Each open X(o-) of X defines a closed subdisc Da of X'''^. The action 
of 7ri(f,7y) on X induces an action on X'''^. For every ct, a' e 7ri(f, 77), we have a{D„ia) = D^'. By 
I4.1ir i). if (7 ^ 7ri(ry,77), then is not contained in Did (cf. I4.12p . Hence, for a, a' G Tri{f, rj) such 
that a' ^ TTi{T],rj)a, the disks D^- and Da-' are disjoint, which implies the proposition. 

The second proof. For every a G 7ri(f,?7), we know, by (ii), (iii) and I4.10| that X(^a) ri X^- is 
an affine line over s. Let a, a' £ Tri{f,r]) be such that a' ^ 7ri(?7, ry)cr. If X^a) H X^a') H X^- is not 
empty, it is dense open in both X(^a) ri X^- and Xf^-/) n Xg. So the projective completions of these 

two affine lines are equal ; we denote it by P. We claim that the strict transform of d^" \s) in X 
is not contained in Xi^a), while it is clearly contained in Xi^a')- Indeed, we are reduced by (iii) and 
(|4.16.2p to the case where cr = id and a' ^ tti (77,77); then the claim follows from (ii) and l4.11f i) (cf. 
I4.12p . We conclude that X(^a) nXg- and X/^a') HX^ are different. Then P = i^{a) C^X-s)U {X(a') HX-); 
in particular, P is open in Xg. Since P is projective over s, it is also closed in Xg. Therefore P is 
a connected component of Xg. Hence, X-g is not connected as it contains also the strict transform 
of the special fiber Y Xk's of X x^^^ S (|4.4p . We get a contradiction with (iv) . 

4.18. We can now prove proposition I4.3r iii). Assume first that n — iy{c) — 2r is even. We 
constructed in 14.151 canonical morphisms of representations of 771(77,^) 

^ A ($i(pr*(^^,) ®^^„(a:i)))(^^^) A S)^, 

such that V o u is the identity. As a Q^-vector space, ^ corresponds to the contribution of the 
nearby cycle complex of pr* {'^\ ) (g) ^jf,„ {xc) over the dilatation {X x S) (r) ■ We consider the sheaf 
pr*(^!)(g).if^o(xc) over ATxfcTy, equiped with the action of7ri(f,77) by transport of structure, and the 
blow-up X of AT X 5 defined in l4.17l Then ^ corresponds also to the contribution of the nearby 
cycle complex of pr J {^i ) (g) J!f^„ (xc) over the open subscheme X(id) of X (cf . I4.17f ii) ) . By I4.17r iii) , 
for every fi G 7ri(f, 77), o it is the contribution of the nearby cycle complex of prl{'i^\) ® J^'^g{xc) 
over X(cr)- If o" ^ Tri{'r],fj), then we have X(o.) H X(i(j) n X- = bv I4.17f v). and hence v o a o u — 0, 
which implies the required assertion. 

Assume next that n — i^{c) is odd, and consider as in 14.151 the base change X AT obtained 
by taking a square root of t. We keep the same notation, moreover, we put ^ the pull-back of 
^ to U_ and ^1 the extension by zero of ^ to X. We consider the complex of vanishing cycles 
<i>(pr^(^i) (g)^^(,(a;i)) in Dj!(X x^f, Q^), relatively to the projection pr2 : X x^T ^ T. It follows 
from the even case that the morphism of sheaves over f 

/,(p,(p*^))~> (7, x,l)*$i(prt(^,)®^^„(xi)) 

induced by the trace morphism f*p*p* f* id, is injective. Moreover, by the definition of ^ in 
this case (|4.15p . we have a commutative diagram 



/*((7, Xfcl)*$i(pr|(^,)®if^„(a:x))) 
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where the vertical arrows are induced by the adjunction map id — > and ([9] XIII 2.1.7.1). The 
required assertion follows since 2) p^i^p*^) is injective. 

4.19. We can now prove proposition 14.61 that will not be used in the sequel of this article. 

(i) By the i-exactness of the functor ^' ([3] 4.4.2 and [15] 4.2), it is enough to prove the first 
statement, which amounts to proving that 5',,(pr*(J#) (g)^^Q(ca;)) is supported on a finite subgroup 
of y k = -j:. We may assume k algebraically closed. Bv l4.91 we may reduce to the case where 
^ = Since ^ is trivialized by a cyclic extension of degree p™+^ of C/, we may further reduce 
to the case where 'i^ is a locally constant sheaf of A-modules of rank 1 over U, and A is a finite 
field of characteristic £. We fix injective homomorphisms V'i : Z/p'+^Z A^ (j > 0) such that for 
any z e Fp, we have il^^ip^z) = i/'o('^)- For every point y € Y{k)^ we denote by H the henselization 
of X x)°® S aX y, that we consider as an S'-scheme by the morphism induced by prj. We put 

(4.19.1) p{y) = ^s{H,H,„^vl{'^)®^-^^{xc)\H^) 

the invariant defined in l|A.12.2p . Since the pull-back of pr*(^^) JJ^^(a;c) to Hif^ is not constant, 
we have 

(4.19.2) *°(pr*(^^)®jS?'^^(xc)), =0. 

Then by IA.131 it is enough to prove that the support of the function p{y) is a finite subgroup of 

Let kq be the generic point of Y l|4.4p . Rl„ be the completion of the local ring of X xj.°^ S" at 
kq (which is a discrete valuation ring), Lq be the fraction field of Rlq, 

u: K Lq, 
v. K Lo 

be the homomorphisms induced respectively by pr^ and prj. We consider Lq as an extension of K 
by V. By l|4.4.ip . we can identify Rlo with the ring /;;(?«) [[i]]. Then the fc-homomorphisms u and v 
are defined by u{t) — tw and v{t) = t. We have u{c)/c = w™'^'^) mod tRL^ and u{b')/b' = w°'"^'^'' ^ 
mod tR^g. Since ord(t"+^c6') = (|2.13p and ord(c) 7^ by assumption, then i"+^(c — u{c))u{b') 
is a unit of Rlq- We denote by P the reduction of i"+^(c — u{c))u{b') in k{w), and by A the 
reduction of f"+^c6' in k. Then we have P = A(l — w°'-''^'-'^^)w°'"^^'' \ It is enough to prove that for 
any y G Y{k), we have 

(4.19.3) piy) = -ord,(P). 

The pull-back of pr^(^)®.5$^^(ca;) to Spec(Lo) corresponds to the Witt vector u{a)+V"^{cu{b)) g 
Wm+i(io)- Since ord(6c) = —n — v{b) and ord(a -|- cb') > —n, we have u{a) + V™(cm(6)) G 
filn+y(b)W,„+i(io) and 

(4.19.4) F"rf(u(a) + V"(cu(6))) = (c - w(c))d(u(6)) + u{b)dc mod <~"+if7}j^^ (log). 

Let {S',r]',s') be a finite covering of (5,77,5) such that {H, Hr,,pi:l{'i^) ^■:^^{cx)\Hjj)s' is stable 
(jA.9P , R' be the completion of the local ring of S' , K' be the fraction field oi R' , R'^, — Rlo®rR' , 
L'q be the fraction field of i?^, . After replacing {S',r]', s') by a finite covering (|A.9r i)). we may 
assume that rj' is inseparable over 77 and the image of dt by the canonical morphism f^^/^, ^ly/k 
vanishes. Since we have d{u{b)) ~ u{b'){wdt + tdw) and dc — c'dt in then the following 

relation holds in 

(4.19.5) (c - u{c))d{u{b)) + u{b)dc = t{c - u{c))u{b')dw . 
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It follows that the Swan conductor of the pull-back of pri(^^) ® .^^(cx) to Spec(Lo) is [K' : K]n, 
and its refined Swan is the residue class of t{c— u{c))u{h')dw in t~"r2]j,/ (log) ®ri k, which is equal 

to t~^Pdw. Equation l|4.19.3p is proved. 

(ii) The proof is similar to that of proposition I4.3r ii) . given in 14.151 



5. Proofs of theorems 13.71 and 13.91 

5.1. We observe first that, by I3.6r ii). we may reduce theorems 13.71 and 13.91 to the case where the 
residue field of 5 at s is fc (in particular, we have / = / in l3.7p . Hence, in this section, we denote 
by S the spectrum of a henselian discrete valuation ring of equal characteristic p, with residue 
field k, by s (resp. 77) the closed (resp. generic) point of S", by a Q^-sheaf of rank 1 over 77, 
and by v: S P and v: S ^ P two non-constant morphisms (with the notation of I3.2p . We put 
z = v{s), z — w(s), h and c the functions on 77 deduced by pull-back from the coordinates x and x 
of A and A respectively. We take again the notation of p.4p relatively to z and i, and denote by 
f : S -^T and J : S ^ T the morphisms induced by v and v respectively. We assume that {'^ , b, c) 
is a Legendre triple at s l|2.16p . and / and / are finite and etale at 77. 

We denote by R the completion of the ring of S, by K the fraction field of R, and also by b and 
c the images of b and cm K. By definition l|2.16p . there exist % and two Q^-sheaves of rank 1 
over 77, satisfying the following conditions : 

(i) ^~^t®^w; 

(ii) is tamely ramified; 

(iii) is trivialized by a cyclic extension of order of 77 (771 > 0). 

(iv) The pull-back of (^^w, b, c) over Spec(iir) is a Legendre triple in the sense of (|2.15p . 



Proposition 5.2. We keep the assumptions of l|5.ip . and assume moreover that one of the fol- 
lowing conditions is satisfied : 

(i) z G A; 

(ii) {z,z) = (00,0) and all the slopes of ft,{'i^) are < 1; 

(iii) {z,z) — (00, db) and all the slopes of f^:{'^^) are > 1. 

Then the rank o/5^^^'^''(/*^l') is equal to the degree of f, and in case (i), we have z = 6b. 



db 
dt ■ 



Let f be a uniformizer, ord be the valuation of K normaHzed by ord(<) = 1. We put b' = 
Since (^^, 5, c) is a Legendre triple, we have bv l2.5l and l2.13| 

(5.2.1) - ord(c) ^ sw(^) + ovd{tb' /b) + ord(6). 

If z G A(fc), then we have i = db since sw(J#) > 1. In this case, we may replace & by & — x{z) in 
the equation above. In general, we deduce by ([25] VI §2) that we have 



(5.2.2) - ord(c) 

Hence, we have 



sw(/*^) + rk(/*^) if z e A(fc), 
sw(/*^) - rk(/,^) ifz = oo. 



sw(/*^) + rk(/*^) if (z, z) e A X db, 
(5.2.3) deg(/) = { sw(/,^) - rk(/,^) if (z, z) = (00, db), 

rk(/*^) - sw(/,^) if (z, z) = (cx), 0). 



The proposition follows from (|5.2.3p and ([22] 2.4.3), for which we give a new proof in IB. 61 
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5.3. We identify S with the henselization of the affine Hne Al — Spec(fc[u]) at the origin 0, and 
put Gm.k = Spec(fc[u, u~^]) and h: S ^ Aj^ the canonical morphism. By Kummer theory, is the 
pull-back of a smooth Q^-sheaf of rank 1, ^ over Gm.k, tamely ramified at and oo (f22j 2.2.2.1). 
On the other hand, there exists a connected affine elementary etale neighborhood {X, s) (A^, 0) 
satifying the following properties. Let B — T{X, ffx), U be the open X — {s} oi X , h: S ^ X he 
the unique morphism lifting H. Then, 

(a) is the pull-back of a smooth Q^-sheaf of rank 1, over U, trivialized by a cyclic extension 
of order of U (by using Artin-Schreier-Witt theory). 

(b) There exist 6, c G T{U, 0x) such that K{j{^) = h and K{j(c) = c. 

(c) There exists t Q B, which is a parameter at s and invertible on U. 

We denote by ^ be the pull-back of ^ to J7, by # = ^ by 5 : X -> P and .g : X ^ P 

the fc-morphisms such that (?a(^) = ^ ^^"^ dli^) — ^- 



(5.3.1) 




By construction, 5, c) is a Legendre triple at s, and we can apply 



5.4. With the notation of 14.11 and l4.2[ we have a canonical isomorphism over f 

(5.4.1) {is X ir{^\prm)^^^oi^m-s^'''\f*^)- 

It is a consequence of the functorial properties of the complex of nearby cycles and the fact that 
h: S ^ X is universally locally acyclic and /: S* — > T is finite. Then propositions 14.31 and 15.21 
imply theorems 13.71 and 13.91 



6. Review of Stiefel- Whitney classes 

6.1. In this section, K denotes a field of characteristic ^ 2, K a separable closure and Gk the 
Galois group of K over K. We denote by Ik the trivial representation of Gk- By Kummer theory, 
Hi(K,Z/2Z) is identified with the group K^'/K''^. For a G fsT^/i^^^ (qj. ^x^^ denote by 
{a} the associated element of H^(if, Z/2Z), and by Ka ■ Gk — > {±1} its image by the isomorphism 
H-^(i4r, Z/2Z) = Hom(G'if , {±1}) (which is also the character induced by the quadratic extension 
K{y^) ofK). For a,6 e X^/X^^ we denote by {a,b} the cup-product {a}U{b} in H2(A^Z/2Z). 



6.2. For a non-degenerate quadratic form J2 — £2{Xi, . . . ,X„) of rank n over K, we denote by 
Wm{^) e W{K,Z/2Z) (m > 0) its m-th Stiefel- Whitney class and by 

w(^) = 1 + ?«i (=2) + • • • e H* (is:, Z/2Z) = W H'" {K, Z/2Z) 

m 

its total Stiefel- Whitney class ([26| 1-2). Recall that, if ^ aiXl H h anXl, where a, e , 

then we have w(^) = Jlill + i'^j})- ^^dE if ^//C^^ is the discriminant of .S, we have wi (^) —{d\. 
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6.3. Let y be a finite dimensional complex vector space, equipped with a non-degenerate quadratic 
form p: Gk 0(1^) ^) be a continuous orthogonal representation of Gk {i.e., the kernel of p is 
open). Deligne ([6] 1.3 and 5.1) associated to iV^p) Stiefel- Whitney classes Wm{V) £ H™(iir, Z/2Z) 
(to > 0). The class wi{V) is identified via the isomorphism H^(i4r, Z/2Z) = Hom(Gi<-, {±1}) with 
the character det(T^): Gk ^ {il}- The total Stiefel- Whitney class 

w{V) = l + wi{V) + -- - (^Y{*{K, Z/2Z) 

satisfies the following properties : 

(i) If V is an orthogonal direct sum of two subrepresentations V and V" , then w{V) = 
w{V')w{V"). 

(ii) If is a totally isotropic invariant subspace of V ^ the quadratic form ^ on V induces a 
quadratic form on /W , and a duality between W and V/W^, and hence a quadratic form on 
W ® V/W^\ then we have 

(6.3.1) w{V) = w{W ® V/W^)w{W^/W) = (1 + {-^f'^^'^wiW^/W). 

6.4. Let L be a finite separable extension of K contained in K , Gl be the Galois group of K 
over L. The discriminant of L over K, dj^^x € /K^'^, is by definition the discriminant of the 
quadratic form Tri/x(a;^), for x £ L. For a e L'^ , the quadratic form Ti^/Kiax'^), for x G L, has 
discriminant dj^^x^L/Kio;), where ^L/Kio;) is the norm of a. We denote by w(i, Tr^/;^ (ax^)) its 
total Stiefel- Whitney class. 

For a complex character x of Gf' (or of Gl), we denote by ^L/Kix) the composition of x with 
the transfer . For any finite dimensional complex representation V of Gl, we have 

(6.4.1) det(Indg-y) = ^ • NL/^(det V). 

This follows from ([5] 1.2) and the fact that det(IndgML) = Kd^^^ ([26] 1.4). 

Proposition 6.5. Let L — K(t) be a finite separable extension of K contained in K, of degree n, 
generated by an element t £ L, Gl be the Galois group of K over L, f{X) e K[X] be the minimal 
polynomial oft. We put D — f'{t) £ and kd the associated quadratic character (|6.ip . Then 
we have 

(6.5.1) dL/K - (-l)©Ni/K(^) e i^V^""', 



(6.5.2) W2{lnd^^^KD) = { ]{-l,-l} + {dL/K,2}. 



-In. I ifO<i<n- 



Recall ([25] III lem. 2) that we have 

(6.5.3) TrLMD-'n-['; j^J^;!! 
Therefore, the discriminant of the quadratic form Ttl/j^(D~^x'^) over K is 

(_!)(;) e xx/xx2^ 

which implies equation (|6.5.ip . By ([26] §4 theorem 1' and §1 1.5), we have 

(6.5.4) W2{lnd^^KD) = W2iL, Ttl/k{D-'x^)) + {d^/K, 2}. 

Let TO be the largest integer such that 2to < n. We denote by W the sub-if-vector space of L 
generated by l,i, . . . ,t"^~^, and by the orthognal subspace relatively to the quadratic form 
TiL/KiD-'^x^). By ({6X31) . W is totally isotropic; we have W^/W = Kt"^ \in = 2m+\, and 
W — otherwise. We deduce by (|6.3.ip and l|6.5.3p that we have 

(6.5.5) w{L, TvL/KiD-'x^)) = (1 + {-1})'". 
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Equation l(6X2|) follows from ([6X4l) . (|6X5| and the fact that (™) = (") mod 2. 

7. Refined logarithmic different 
This short section is independent of the rest of the article, and does not use conventions (|l.lip . 

7.1. Let -ftT be a complete discrete valuation field, with residue field fc, i be a finite separable 
extension of K. We denote by (resp. ^l) the valuation ring of if (resp. L), by wik (resp. m^) 
the maximal ideal of i^K (resp. ^l), and by fc^ the residue field of ^l- Recall that the different 

IK of i over K is the ideal of such that the inverse Sl^^j^ is the maximal fractional ideal a of 
L satisfying the condition Tr^/^^ (a) C Gk- Following Kato ([17| 2.1), we call logarithmic different 
of L over K, and denote by S!^^fj^, the fractional ideal of L defined by 

(7.1.1) = ^k'^l^l/k- 

In fact, the ideal (^]°f^)~^ is the maximal fraction ideal a of L such that Tri/x(n^Lfl) C mx, 
and also the minimal fraction ideal o of i such that Tri/x(a) D Gk- We call refined logarithmic 
different of L over K, a generator i5 of the i^L-module such that, for any a € ^l, we have 

(7.1.2) TvL,K{5-^a)^i:Ykjk{o) mod nti^. 
Observe that 5 is unique inL^/l + mi,. 

7.2. Let M be a finite separable extension of i, Jl/x (resp. Sm/l) be a refined logarithmic 
different of L over if (resp. of M over L). Then Sm/k = Sm/l^l/k is a refined logarithmic 
different of M over if. 

7.3. Assume that L is totally ramified over K of degree n. Let t be a uniformizer of L, f{X) e 
GkIX] be the minimal polynomial of t. Then it follows from l|6.5.3p and ([25j III §6) that 5 = 
t^ ^f'it) is a refined logarithmic different of L over K. 

7.4. Assume that k is perfect, K has characteristic p and L is totally ramified over K. Let a; 
(resp. t) be a uniformizer of K (resp. L). Then 5 = is a refined logarithmic different of L 

over K. Observe first that the class of inL^/l + rriL does not depend on the choice of x. 

Let f{X) G GkIX] be the minimal polynomial oft, n be the degree of L over K. Since L is totally 
ramified over if, / is an Eisenstein polynomial, and we may assume that x = — /(O). Therefore, 
we have ^ G f'(t){l + mi) and te"^ G i^^"(l + tul), and the assertion follows from 17.31 

8. Local epsilon factors 

8.1. In this section, if denotes a complete discrete valuation field (of equal or unequal character- 
istics), with finite residue field k of order q = , K a separable closure of if, Wk the Weil group 
of if over if and I the inertia subgroup of Wk- We denote by Gk the valuation ring of if , by 
xriK the maximal ideal of Gk, by ord the valuation of if normaHzed by ord(if ^) = Z, by G-j^ the 
integral closure of Gk in if and by k the residue field of Gj^. In the sequel, a representation of 
Wk stands for a pair {V, p), where V is a finite dimensional Q^-vector space and p is a continuous 
homomorphism Wk Gh{V) {i.e. an open subgroup of I acts trivially). 
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The quotient group Wk/I is canonically isomorphic to Z, generated by Frob, the geometric 
Frobenius of k (i.e. the inverse of the automorphism x i-^ x'^ of k). Class field theory provides an 
isomorphism 

(8.1.1) Rcck: K'- ^Wi, 

that we normalize by mapping uniformizers of K to liftings of Frob ([5] 2.3). We use Rec^ to 
identify the isomorphism classes of representations of dimension 1 of Wk with quasi-characters 
(i.e. continuous homomorphisms) ^ . If the characteristic of X is 2, we denote the 
Hilbert symbol over K by 

(8.1.2) i, )k-- K'^/K''^ X K'^/K''^ ^ {±1}. 

8.2. We fix a non-trivial additive character tp: K ^ , and the Haar measure dx on the additive 
group of K such that J^^ dx — 1. We call conductor of tp, and denote by oid{tp), the biggest integer 
n such that iplm]^^ — 1. Let x be a quasi-character of K'^ . The conductor of x, denoted by a(x), 
is if X is unramified, and the smallest integer m such that x(l + tti^) = 1 if X is ramified. The 
Swan conductor of x, denoted by sw(x), is is x is unramified, and a(x) — 1 if x is ramified. 

8.3. Deligne and Langlands attached to every representation V of Wk a local e-factor e^Vjip) G 
, characterized by the following conditions : 

(i) For any exact sequence of representations ^ V^' ^ ^ ^ V" ^ 0, we have 

(8.3.1) e{V,i:)=e{V\ij)e{V",i;). 

In particular, e{V, ip) depends only on the class of V in the Grothendieck group of representations 
of Wk, and we can define s{V,^) when is a virtual representation of Wk- 

(ii) For every finite extension L of K contained in K, there exists a constant 

(8.3.2) X{L/K,,P)€Q^ 

such that, for any representation Vl of Wl and Vk the induced representation of Wk, we have 

(8.3.3) e{VK, i>) = X{L/K, ^)'''^^''-h{VL,^ o Tr^/^). 

(iii) If V has dimension 1, corresponding to a quasi-character x'- Qg , then e{V, ip) is the 
constant e(x, ip) of the local functional equation of Tate ([5] §3). Recall that if x is unramified and 
ord(-0) = 0, then e{x,'fp) = 1; and if x is ramified, then 

(8.3.4) £(x,V) = / x'\x)4'{x)dx. 

JRX 

We omitted the Haar measure dx from the notation e{V,il>,dx), as it has been fixed in (|8.2p . 
Following Deligne ([5] §5), we put, for a representation V of Wk, 

(8.3.5) £o{V,ip) = det(-Frob,y^)e(F, V). 

The function eq satisfies clearly properties (i) and (ii) with the same constant l|8.3.2p . 
Remarks 8.4. (i) For any a € K^, we have 

(8.4.1) eiV, i^iax)) = det(F)(a) • q°"^^'''^ ^^^^^ • e(V^, V); 

and similarly for eo- 

(ii) If L is a finite, separable and unramified extension of K contained in K and ord(7/)) — 0, 
then XiL/K, V) = 1- This follows from ([^ 5.5.3) and the fact that OTd{ip o Ttl/k) = 0. 
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8.5. We fix a non-trivial additive character ^k - k ^ . For a character x- ^ Qe , we denote 
by T{x,i^k) the Gauss sum 

(8.5.1) Tix,^k) =-J2 X'\x)Mx)- 

We have r(l, ipk) = 1- If the characteristic p of A; is odd, we denote by kq: {il} the unique 

character of order 2, and by G0j. the quadratic Gauss sum associated to ipk, defined by 

(8.5.2) G^,^Y.^k{x^^. 

Then we have r(Ko,^fe) = — and, by ([7j [Sommes trig.] 4.4), 

(8.5.3) q = Ko{~l)Gl^. 

8.6. We call a ij^k-gauge of ?/' an element /? e such that, for any a e with residue class a 
in fc, we have 

(8.6.1) ^(.r^a) = Vfc(a). 

Such an element exists, is unique in if ^/l + mx, and we have ord(/3) = ord(?/') + 1. 

Proposition 8.7. Let x &e a quasi- character of , j3 e 6e a ipk-gauge ofip, n be a uni- 
formizer of K . 

(i) Assume x is at most tamely ramified (i.e., a(x) and let Xk- Qe character 
defined by x- Then we have 

(8.7.1) eo(x, V') = -x(/3) q"'""^^^ r{xk,^k). 

(ii) Assume p 2 and x is wildly ramified (i.e., a{x) > 2). We put n — sw(x) and let r be the 
smallest integer such that 2r > n; so we have n = 2r or n = 2r — 1. Let c be an element of 
such that, for any x £ mj^ , we have 

(8.7.2) x(l + a: + y) -^(cx). 
Then ord(/3c) = — n and c is unique in /I + m^'^^^ . We have 



(8.7.3) soix,^) = x-\c)i;{c)q-°'^''^^^Ko{-lp")G-l'-' x 



K 

1 if n is odd, 

{—2(3c,tt)k if n is even. 



(i) Assume that x is unramified. By (|8.4.ip . we may assume that /? is a uniformizer of K and 
ord(V') = 0. Then we have e(x,'0) = 1, and both sides of (|8.7.ip are equal to — x(/3). 

Assume that x is tamely ramified. By (|8.4.ip . we may assume that /3 = 1 and ord(V') = — 1. 
Then it follows from l|8.3.4p that we have e{xi''P) = £o(Xj'0) = ^Q^^'''{Xk,i^k)- 

(ii) Since 3r > a(x), for any x,y & mj^, we have 

x(i + a; + y)x(i + y + y) = x(i + + y + ■^^-^), 

which implies easily the existence and the uniqueness of c; the valuation of c is clear. 

Let TO be the smallest integer such that 2m > n = sw(x); so m = r if n = 2r — 1, and m = r + 1 
if rt = 2r. In both cases, we have rt + 1 = to + r. For any x G m^, we have x(l + x) = ip{cx). We 
compute the integral 

eo(x» = £(X,'0) = / x~^ {x)ip{x)dx 
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by splitting it according the classes /1 + m^. Only the classes contained in c(l + m^^ ) remain : 
For any x € m^, we have 

2 2 2 

X"'(l + x)^{cx) = x"'(l + 2:)x(l + a; + y) = X(l + y) = V-C^)- 
We deduce that 

(8.7.4) eoix.i^) = X-\c)^{c)q-°^'"^^'> [ ^{^)dx. 

If n = 2r — 1 is odd, then ord(c) + 2r = — ord(V') and J^r ip{^)dx ~ q~^\ so equation (|8.7.3p 
follows by fSXaj) . 

Assume that n = 2r is even, so ord(c) + 2r — — ord(/3). By (|8.6.ip . we have 



So equation (|8.7.3p follows by (|8.5.3p and the relation (— l,7r)x — ko(~1)- 

Proposition 8.8. Assume p ^ 2 and ord('0) — 0. Let (3 £ be a ij^k-gauge of ip l|8.6p . L be a 
finite, separable, totally ramified extension of K of degree n, ttl be a uniformizer of L, &l/k be 
the different of L over K , 5 be a refined logarithmic different of L over K m = ordL(i^L/if)7 

where ordi is the valuation of L normalized by ordi(7rL) = 1. Then we have 



(8.8.1) KL/K,i,) = aco(-1)('"^')g^™ X 



1 if m is even, 

(—2/3(5, Tri)^ if m is odd. 



Let /(X) G ffK[X] be the minimal polynomial of tt^, Z) = /'(ttl) (which is a generator of ^^/j^), 
hd'- Wl {±1} be the character defined by the class of D in /L^"^ (|6.ip . Vk = IndJ^^Ku, 
V'i = V-" ° Tr^/x- We have 



(8.8.2) \(L/K,%jj) = 



e(KD,i/'L)' 



It is clear that Vk is an orthogonal representation of Wk ■ By l|6.4.ip and l|6.5.ip , the determinant 

of Vk is the unramified character Therefore, by ([27] theo. 1), the Artin conductor a(VR-) of 

Vk is even. Let r be the smallest integer such that 2r >m = ordi(Z?). Since a{VK) = m + a[Ku), 
we have a{VK) — 2r; moreover, is unramified if and only if to = 2r is even. 

We identify H^(i4r, Z/2Z) with {±1} by the isomorphism inv^f, and the Hilbert symbol ( , )k 
with the pairing { , } induced by the cup-product (|6.ip . By (|[6] 1.5), since det(yfi:) is unramified 
and ord('0) = 0, we have 

(8.8.3) e{VK,^)=W2{VK)q\ 

where W2{Vk) & {±1} is the second Stiefel- Whitney class of Vk (|6.3p . Since (—1,-1)^ = 
(— 1, 2)k = 1, we deduce from 16.51 that we have 

1 if m is even, 



(8.8.4) W2iVK) = (dL/K, 2)k = (D, 2)l - | 



(2, 7ri)L if TO is odd. 
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To prove i|8.8.4p . we expressed the Hilbert symbol in terms of the tame symbol. By (|8.5.3p . we 
have 

(8.8.5) = noi-lYGl^^ ^ ^oi-l^^'^ x | ^ " I i_ ^ 

We put i^'i^ix) — ■iPl{D^^x). Then we have ordL(i/'^) — and /^tt^^" is a ?/'fc-gauge of V'l- 
Indeed, since Dn]^"' is a refined logarithmic different of L over K (|7.3p . for any a £ 6^, with 
residue class a in GlIt^lGl-, we have by (|7.1.2p 

V-Kr'^r'a) = V'(/3-^Tri/;,(D-Vr'a)) = ^k{a). 
Since = (i?,I3)L = = ko(-1)", we have by ([8XT1) 

(8.8.6) e(«:D, ^l) = ku{D)cY'' e{Ku. Vl) = G2™e(Acc, ^'j}. 

Ifm = 2r is even, then kd is unramified and we have e{KD, V'l) = li which implies equation (|8.8.ip 
in this case. Assume that m = 2r — 1 is odd, so kd is tamely ramified; in particular, the character 
{il} defined by kd is non-trivial, and hence is equal to kq. Bv l8.7f i). we have 

(8.8.7) £(kd,?Al) =eo(«D,V'L) - -KD(/37r[-")T(Ko, ^/^fc) = KD(/37ri-")G^, . 
Since Ptt^^" is a uniformizer of L, we have ordL(£>/37r^^") = 2r and 

where zul is any uniformizer of L. Moreover, a refined logarithmic different of L over K being 
unique in /I + ttl&l, we have {Dn]^"^ ,'djl)l = {S,wl)l, which proves equation l|8.8.ip in this 
case. 

8.9. Assume K is of equal characteristic p. Recall that we fixed a non-trivial additive character 
tpk - k ^ . We denote by res: k the residue homomorphism and by ord: fl]^ — {0} Z 

the valuation defined by ord(xdy) — ord(a;), if x,?/ G and ord^y) — 1. For a non-zero element 

LU of we denote by ipui- K ^ the non-trivial additive character defined, for any a G K, by 
(8.9.1) V^(a) = V'fc(res(aw)). 

Let x be a uniformizer of K, /3 be the element of such that iv = fix^^dx. Then /? is a V'fc-gauge 
of V'w and we have ord(-0ij) — ord(w) = ord(/3) — 1. 

Corollary 8.10. Assume K is of equal characteristic p ^ 2. Let L he a finite, separable, totally 
ramified extension of K of degree n, x be a uniformizer of K , t be a uniformizer of L, cJ^/x G 
^x^^x2 discriminant of L over K (|6.4p . We put x' = ^ and m = ordi(a;'), where ord^ 

is the valuation of L normalized by ordi(i) — 1. Then we have 

(8.10.1) d^/K = {-lphL^K{t^x'/x), 

/^■,r^n\ \ / T / I \ I iN^^+M^-m f 1 if m is even, 

(8.10.2) A(WV...) ^ -o(-l)( ^ )G,rx| (2x',t). if m is odd. 

Let /(X) G Gk\X\ be the minimal polynomial of t. Since t^^'^f'{t) and te'/a; are refined 
logarithmic differents of L over if (|7.ip . the quotient f'{t){t^x'/x)~^ belongs to 1 -I- t^L- Hence, 
equation l|8.10.ip follows from (|6.5.ip . On the other hand, a; is a V'fc-gauge of ijjdx and we have 
OTd{ipdx) = 0. Then equation l|8.10.2p follows from [8^ 
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Proposition 8.11. Assume K is of equal characteristic p. Let x- be a wildly ramified 

quasi- character of Swan conductor n = sw{x) > 1, c G , uj be a non-zero element of fl]^, 
tl^m- Z/p™+^Z Qg (to > 0) be injective homomorphisms. We assume the following conditions 
satisfied : 

(i) There exist a character Xw : Z/p™+^Z (to > 0) and a tamely ramified quasi- character 

Xt '■ such that x = Xt • [i^^ ° Xw)- We denote by ^ £ H^(i^, 'L/p'^^^'L) the cohomology 

class corresponding to Xw by the reciprocity isomorphism (|8.1.ip . 

(ii) There exists a G fil„W,„+i(if) such that (5,„+i(a) = 7 (|2.5.2p and 

(8.11.1) 2 ord(F™da + coj) > -n, 

where F"^d is the homomorphism defined in (|2.4.ip . 

(iii) ipk ~ ipa ° Trfe/F^ and ipmip^a) = ipoia) for any a e ¥p, where p"^a denotes the embedding 
¥p Z/p™+^Z induced by the multiplication by on Z. 

Let t/^i^ : K be the additive character defined in (|8.9.ip . r be the smallest integer such that 

2r > n. Then, for any x £ mj^-, we have 

(8.11.2) x{1 + x + y)^Mcx). 

We will deduce the proposition from Witt's expHcit reciprocity law according to Fontaine ( [12] 
2.4.3). Let W = W(fc), W™+i = W™+i(fc), ffg be the p-adic completion of the ring W{{t)) of 
Laurent power series over W in the variable t (which is an absolutely unramified, complete, discrete 
valuation ring) , (a be the fraction field of i^g . We identify the residue field of with K by mapping 
the residue class of i to a uniformizer of K. We denote by fi^^^^^ the module of continuous 
differential forms of over W and by rest : ^^^g-^/iY ~^ ^ residue homomorphism (cf. [12] 
2.2). For z € W,„+i(X) and u e K"" , we denote by [z, u)„ the element of Z/p^+^Z C W,„+i(X) 
defined by 

[z,w)„i = guiO - 

where ^ is an element oiWm+i{K) such that F(^) — ^ = z, F is the Frobenius homomorphism, and 
gu S is the image of u by the reciprocity isomorphism (|8.1.ip . If we put ^s.m = Gsjp^^'^&s, 
we have a homomorphism 

,m 

defined for an element z = {zq, zi, . . . , z^) of Wm+iiK), by Wm{z) = J2Q<j<mP' i^j)P'" ' , where 
Zj is any lifting of zj in Gs,Ta- Then, if z S W„i+i(if ) and if w is a unit of Gg^m lifting an element 
M of ii' ^ , we have 

(8.11.3) [z,u)m = -Tr„i(res„(w,„(z)dlogu)), 

where Tim (resp. reSm) is the reduction modulo p™+i of the trace homomorphism of W over Zp 
(resp. rest). Notice that the minus sign in (|8.11.3p does not appear in ([12] 2.4.3) because the 
reciprocity map used there is the inverse of l|8.1.ip (the reciprocity map used by Fontaine sends 
uniformizers to arithmetic Frobenius). 

Multiplication by p™ on ^^g^i^^ induces a homomorphism 

that we abusively denote by a multiplication by p™. For any z G W m+i(K) , we have 

(8.11.4) dw™(z) =p"F'"d(z). 
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We can now prove the proposition. Since r > 1, we may assume xt = 1- We put a = 
(ao, . . . , am) G ^ m+i{K) and Vi — ord(ai). Let Hi be a lifting of in i"* Wm+i [[t]] (0 < i < m), 
X £ m^f , a; be a lifting of x in i'"T4^m+i[M]- It follows from the choice of the Hi and the fact that 
3r > n + 1, that we have Wmio) G /:^"W„i+i[[t]], and res,„(w„j(a)5;*(ia;) — for i >2. Therefore, 
we have 

jp- ]^ _l_ ^ 

[a, 1 + 2:+— = -Tr„(res„(w7,„(a) -rdx)) 

^ 1 + x + ^ 

= -TTm{TeSm{w„i{a)dx)) 

= Tr„(res„(x(i(w„(a)))) 

= p"Tr,/F^(resK(xF"d(a))), 

where on the right hand side, denotes the embedding Z/pZ — > Z/p™+^Z induced by the 
multiplication by p™ on Z. We conclude by (|8.11.ip that for any x G m^, we have 

2 2 

X(l + a;+y) = V™ ([a,l + a:+y)„0 

= Vo(-Trfe/F^(reSif(xF"d(a))) 
= i/'o(Trfe/F^(reSif(a;cw))) 

9. LAUMON'S FORMULA FOR LOCAL EPSILON FACTORS 

9.1. Let T be the spectrum of a hensehan discrete valuation field of equal characteristic p, with 
finite residue field k of order q = , t (resp. r) be the generic point (resp. a geometric generic 
point) of T, G = 7ri(T, r). We denote by K the completion of the function field fc(r) of T and by 

(9.1.1) RecT-. K"" G'''° 
the reciprocity homomorphism, normalized as in l|8.1.ip . 

Recall that we fixed a non-trivial additive character -00 : Fp ^ l|l.lip . Let ^k - k be 
the additive character ipo o Tr^/fp. For a complex C of D^(r, Qj,) and a non-zero meromorphic 
differential form w on T (i.e. uj S ^^r) ~ {*-*})) Laumon attached a local e-factor e(r, C, lj) € 
([22] 3.1.5.4). For any Q^-sheaf ^ over t, we have (with the notation of lS.Sp 

(9.1.2) e{T,U^,uj) = e(^-,V^^), 

(9.1.3) e(T,j,^,c^) = £0(^^,1^..), 

where j : r T is the canonical injection, -0^ is the additive character defined in (|8.9.ip . 

In the situation of l|3.4p . we use the notation above for T and T. We equip with a V the objects 
relative to T. 

Theorem 9.2 (|22] 3.6.2). The assumptions are those of p.7p . moreover, we assume that k is 
finite, z = and z = do. We denote by % the extension by of 'S to S, and by d the dimension 
o/^("^*'(/*(^)) over^^. Then we have 

(9.2.1) (-l)'^det(Recf(5;-i),y(°'*)(/,(^^))) =e(r,/,(^#,),rfa:). 

Let k' be the residue field of 5 at s. First, we reduce the theorem to the case where k' = k. 
We denote by 0' e Pfc'(fc') and do' € Pfe'(fc') the points induced by G V{k) and do G P(/c), by 
v' : S ^ Pfe' and v' : S ^ Pk' the morphisms induced by v and w, by T' and T" the henselizations 
of Pfe' and Pfc' at 0' and oo' respectively, by /' : 5* — > T' and f : S ^ T' the morphisms induced 
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by v' and v' (or by / and /) and hy w: T' ^ T the canonical morphism. We have T' — T ®k k' 
and T' — T k' . By l3.6r ii). we have 

(9.2.2) 1., (;?("'■*') (/:(^^))) ~ S^''^\M^)). 

Let d' be the dimension of 5^(°''*')(/^(^)) over Q^. Since T' is a finite etale covering of T of degree 
d/d', we deduce by ([5] 1.2) that we have 

(9.2.3) det(Recj(5;-i),y(°'°°)(/,(^))) 

Since T' is a finite etale covering of T, we have, bv l8.4r ii) and l8.9[ 

(9.2.4) e{T'j:m,dx)^e{TJ4'^,Xdx). 

Equations (|9.2.3p and (|9.2.4p show that we may assume k' = k. We denote by L the completion 
of the function field k{ri) of S, by its valuation ring, by i a uniformizer of k{ri), and by ordi the 
valuation of L normalized by ordL(t) = 1. For any y G L, we put y' — if y G k{r]), then y' is 
well defined in k{r]) l|3.8p . We consider L as a finite, separable, totally ramified extension of both 
K and K, the completions of the function fields of T and T respectively. Since x is a uniformizer 
of K and x~^ is a uniformizer of i^, we have [L : K] = ordL(6), [L : K] — — ordL(c), and tb'/b 
(resp. ~tc' /c) is a refined logarithmic different of L over K (resp. of L over K) (|7.4p . We put 
TO = ordL(6'), i = — ord(c), and denote by dj^jf^ the discriminant of L over K l|6.4p . 

We denote by %: ^ the quasi-character defined by the sheaf over 77, by ( , )l the 
Hilbert symbol over L, by kq: k^ {±1} the unique character of order 2, hy tpk- k ^ the 
additive character ^po o Trj./j'p, and by G^^ the quadratic Gauss sum associated to ipk l|8.5.2p . 
Observe that we have the following equality of additive characters of L 

(9.2.5) ipdb = ipdx o Tr^/^f . 

On the one hand, by l3.7[ we have a canonical isomorphism of sheaves over f 

;?(°'*)(/4^)) ~ /;(^ ® ^4,o{bc) ^(-^6'c') ^). 

We deduce by (|6.4.ip that we have 

(9.2.6) det(-ReCf(i),^(°'*)(/,(^))) = 

{~l)Hx, d^/j^) ji det(Rec5(c),^ (g) ifvo(M » Jr(-i6'c') (g) ^). 

Moreover, we have 

(9.2.7) (i,^^/^)^ = (i,(-l)(^)N^/KMV/c))^ 

= Ko(-l)(^)(c,t^c')L, 

(9.2.8) det(Recs(c),^) = x(c), 

dc 

(9.2.9) det(Recs(c),^^o(6c)) = Vo" '(-Trfe/Fjresi(fec— ))) 

= (V'fe(resL(cd6)))-i - (^dfc(c))-\ 

(9.2.10) det(Recs(c), jr(-i6'c')) - (c,-2&'c')l, 

(9.2.11) det(Recs(c),^) = {-iTG^l. 
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Equation (|9.2.10p is obvious from the definitions, equation l|9.2.7p follows from (|8.10.ip . equa- 
tion (|9.2.1ip follows from ([22] 1.4.3. 2(ii)), and equation Ip^^Qj) is a consequence of ([25] XIV §5 
prop. 15) : the power —1 above ipo is due to the convention in l|3.ip . and the minus sign before 
Trfe/Fp is due to the convention in the definition of the reciprocity law l|8.1.ip . We deduce that we 
have 

(9.2.12) det(-Recf (x),;?("'*)(/,(^^))) = ^o{-l)^^x{c)Mc))~^G^l{c,-2fb')L. 
On the other hand, we have 

(9.2.13) e{T, dx) ^ \{L/ K,i,dx)e{S,%,db) = X{L/ K,^dx)eo{x,^db). 

By assumption, {^,b,c) is a Legendre triple (|2.16p . So x is wildly ramified. We put n — sw(x) 
and r the smallest integer such that 2r > n. By I8.1H for any y G 'we have 

For any y £ with residue class y m k, we have by i|7.1.2p 

i^dbiitb'r'y) = i^d.ix-'TiL/Kiitb'/br'y)) = Mv)- 
We deduce from lS.Tf ii) that we have 1 + m — i = ord(i6'c) = ~n and 

(9.2.14) So{x,M = X-\c)iJdb{c)q'^o{-lp"^G^r' ^ 
By (|8.10.2p . we have 

(9.2.15) A(w^..) = .oi-ir^'Hr X { ^j^^^^ ;[ 2 1 

To conclude the proof, it remains to check that the product of the right hand sides of equations 
(|9.2.12p . I|9.2.14p and l|9.2.15p is equal to 1. Since we have q = k(-1)G|^ (|8X3)) . 1 + m = i - n 
and hence (™^^) = (2) + ( 2") ~ '^^ reduced to checking that 



1 if n is odd 
{2b' c, t)i if n is even 



(9.2.16) 1 = Ko(-l)''"+'^ (c, ~2fb')L X 



1 if TO is even and n is odd, 

(c, t)L if m is odd and n is even, 

{2b' c, t)^ if TO and n are even, 

(26', t)L if TO and n are odd. 



Since we have ko(— 1) = (— 1,^) = {t,t), we are further reduced to checking that 

{(c, --2b') L if 'm is even and n is odd, 

(c, — 2b't)L if Ti is odd and n is even, 

{—2b',tc)L if "T, and n are even, 

{—2tb',tc)L if TO and n are odd. 

In each case, the valuations of both terms of the Hilbert symbol are even, which proves the required 
result. 
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Appendix A. Semi-continuity of the Swan conductor 

A.l. In this section, (5,77,5) denotes an excellent henselian trait, of equal characteristic p > 0, 
with algebraically closed residue field k, i.e. S = Spec{V) is the spectrum of an excellent henselian 
discrete valuation ring, of equal characteristic p> 0, r] and s are the generic and the closed points 
of S. We denote by K the fraction field of V. We fix a geometric generic point ry of S, and a finite 
field A of characteristic ^ p. A finite covering of {S,r],s) stands for a trait {S',r]',s') equipped 
with a finite covering S" — > S. 

A. 2. Let i? be a complete discrete valuation ring, L be the fraction field of R, m be the maximal 
ideal of R, L' be a finite separable extension of L, R' be the integral closure of R m L' . We say 
that L' is a stable extension of L if mi?' is the maximal ideal of R' . 

A. 3. Let i? be a complete discrete valuation ring which is a fc-algebra, F be the residue field of 
R, L be the fraction field of R, m be the maximal ideal of R. We assume that F is an extension 
of finite type of k. Then the i?-module of absolute 1-differential forms Vl]^ is complete, separated, 
and hence free of finite rank over R. We denote by Sl}j(log) the sub-i?-module of ri\ generated by 
ri)j and dlog(x) where x a uniformizer of R (cf. [2] 5.4). We put il]^(log) = iljj(log) ®r F. We 
have a canonical exact sequence 

(A.3.1) ^n], ^n],[\og)^^F ^0. 

Let ^ be a A-sheaf of rank 1 over Spec(L). Kato [18j associates to ^ a Swan and a refined 
Swan conductors, that can also be defined using our ramification theory 0. The Swan conductor 
n = sw(^) is an integer > 0, that vanishes if and only if ^ is tamely ramified. The refined Swan 
conductor rsw(^) is an element of the F-vector space 

(A.3.2) ^U^og) (g)F (m-"/m-"+i). 

If ^ is trivialized by a stable extension of L, then we have ([T8j remark after 6.8) 

(A.3.3) (res ® l)(rsw(^)) = G m""7m""+^ 

A. 4. We denote by the following category. Objects of '^s are normal affine S'-schemes H for 
which there exist an S'-curve X {i.e. a fiat S'-scheme of finite type and relative dimension 1) and 
a closed point x oi Xg, such that X is smooth over S outside x, and H is S'-isomorphic to the 
henselization of X at x. Let H, H' be two objects of'tfs- A morphism f : H' ^ H of 'rfs is a. finite 
morphism of S'-schemes which is etale at the generic point of H' . 

A. 5. Let H be an object of "ias, {S',r]',s') be a finite covering of (S', ry, s). Then H X5 S' is an 
object of "^s' ([IS] 5.4). 

A. 6. Let H be an object of ^s- We denote by H° the set of height 1 points of H, H° = H,j n H° 
and H° = HsnH°. Then, 

(i) is geometrically regular over rj, of dimension 1, and for any p e H°, the residue field k{p) 
of at p is a finite extension of K. 

(ii) Hs is a reduced henselian local scheme, of dimension 1. 

Indeed, let X be an S'-curve and x be a closed point of Xg such that X is smooth over S outside 
X, and H is S-isomorphic to the henseHzation of X at x. The set of geometric points of H is 
canonically isomorphic to the set of geometric points of X which are generizations of x; moreover, 
the strict henselizations of X and H at associated geometric points are isomorphic (SGA 4 VIII 
7.3). We deduce that H^j is regular of dimension 1, and hence, geometrically regular over ry bv lA.5l 
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The second assertion of (i) is a consequence of (EGA IV 8.2.9 and its corollaries). The scheme Hg 
is the henselization of at x, which implies (ii). 

We denote by Hg its normalization, which is a finite disjoint union of strictly local traits (indexed 
by H°). We put 

(A.6.1) S{H)=dimk{i^fjJi^Hj. 

A.7. We denote by g's the following category. Objects of g's are triples {H, U, where H is an 
object of "^s, U is a non-empty open subscheme of 77^ and ^ is a locally constant constructible 
etale sheaf of A-modules over U. Let {H, U, {H' , U' , be two objects of ^s- A morphism 
[H', U',,^') {H, U, ^) of is a pair (/, g) made of a morphism f : H' ^ H o{ 'S's such that 
f{U') C U , and a morphism g: ^' Jij-'^ where fu : U' ^ U is the restriction of /. 

Let (S", rj', s') be a finite covering of {S, f], s). By lA.51 the base change S' ^ S induces a natural 
functor ~^ i?s'i that we denote by 

(A.7.1) iH,U,^)^{H,U,^)s'. 

A. 8. An object {H, U, ^) of is said to be stable if there exists a finite etale connected covering 
U' of U satisfying the following conditions : 

(i) The pull-back of ^ to U' is constant. 

(ii) The normalization H' of H in U' belongs to "^s, and the residue fields of H' at all points of 
H'^ — are finite separable extensions of K. 

Proposition A. 9 ([16] 6.3). Let {H,U,^) he an object ofSs- 

(i) Let {S',r]',s') be a finite covering of {S,r],s). If {H,U,^) is a stable object of ^s, then 
{H,U, .^)s' is a stable object of^s'- 

(ii) There exists {S',ri',s') a finite covering of {S,ri,s), such that {H,U, J^)s' is a stable object 
ofds'- 

Proposition (i) follows from lA. 5) and proposition (ii) follows from [T^. 

A. 10. Let {H,U,J^) be a stable object of such that ^ has rank 1 over U. For p £ H°, we 
denote by Rp the completion of the local ring of at p (which is a discrete valuation ring) , and 
by k(p) its residue field. Following ([9j XVI), [21] and ([16] 6.4), we call total dimension of ^ at 
a point p, and denote by dimtotp(^), the integer defined as follows. For p <E H°, we put 

(A. 10.1) dimtotp(^) = [k(p) : i^](swp(^) + 1), 

where swp(^) is the Swan conductor of the pull-back to ^ over Spec(i?p) Xh U. 

For p e H°, we denote by Hg^p the integral closure of Hg in k(p) (which is a stricly local trait) 
and by ords,p the associated valuation of k{p), normaHzed by ords^p(K(p)^) = Z. We denote also 
by ords,p : ^\(p) ~ {0} Z the valuation defined by ords,p(ad/3) = ords,p(Q), ii a,(3 & k{p)^ and 
ords_p(/3) — 1. We distinguish two cases : 

(i) Assume that ^ extends to a locally constant constructible sheaf of A-modules ^ over an 
open subscheme U of H that contains p. We denote by sws,p(=^) the Swan conductor of the 
pull-back of ^ to Hg^p xh U. We put 

(A. 10.2) dimtotp(^) sws^p(,^) + 1. 

(ii) Assume that ^ is ramified at p. We denote by n = swp(^) and rswp(^) the Swan and the 
refined Swan conductors of the pull-back of ^ to Spec(ii!p) Xh U (jA.sp . Let tt be a uniformizer 
of V. Since {H,U,,^) is stable, we have res(rswp(^) ® [tt"]) = (|A.3.3p . Hence, we can identify 
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rswp(^) ® [tt"] with the image of an element w G ^^(p)' which does not depend on the choice of 
TT up to a multiphcation by an element of fc ^ . We put 

(A. 10.3) dimtotp(^) = -ord^,p(cj). 

We put 

(A. 10.4) ipr^{H,U,.^) = dimtotp(jr), 

(A. 10.5) ips{H,U,^) = ^ dimtotp(^). 

Lemma A. 11 (pt6] 6.5). Let {H,U,^) be a stable object of^s such that has rank 1 over U, 
(5', 77', s') be a finite covering of (5, 77, s). We put {H' , U' , jT') = {H, U, ^)s' . 

(i) For any p' € H'° with image p in H° , we have dimtotp(^) = dimtotp/(^'). 

(ii) For any p £ Hn — U , we have 

(A. 11.1) dimtotp {^) = ^ dimtotp' (^), 

p' 

where p' runs over the points of H' above p. 

A. 12. Let {H,U,J^) be an object of such that ^ has rank 1 over U. Bv lA.Qr ii). there exists 
a finite covering (S", 77', s') of (5, 77, s) such that (iJ, U, ^)s' is a stable object of ^s' ■ We put 

(A.12.1) ^„(i?,[/,^) = ip^,iiH,U,^)s'), 

(A.12.2) ^,iH,U,^) = ips'iiH,U,^)s'). 

Bv lA.lll these numbers do not depend on the choice of {S',ri\s'). 

Theorem A. 13 (Deligne, Kato). Let {H,U,^) be an object of^s such that ^ has rank 1 over 
U , X be the closed point of H , u: U ^ Hn be the canonical injection. Then we have 

(A. 13.1) dim(^'!^(u!jr)) -dim(*;^(w!^)) = ips{H,U,^) - C/, JT) - 26{H). 

If ^ is unramified at every point of H°, Deligne ([21] 5.1.1) proved the theorem for sheaves of 
any rank. In the general case, Kato ([16] 6.7) proved the theorem for sheaves of any rank, with 
another definition of the invariant (ps{H, U,^). One of the authors (T. Saito) |24j gave another 
proof for sheaves of any rank, with yet another definition of the invariant (ps{H, U, ■^). The latter 
corresponds to a second formula announced by Kato ([l^ 4.5). If ^ has rank one, the invariant 
iPs{H, U, ^) in Kato's latter formula coincides with our definition ([T^ remark after 6.8). 

Notice that formula l|A.13.1[) holds also in the case where S has unequal characteristic. 

Appendix B. Dimension of the local Fourier transform 

B. l. We fix an algebraically closed field k of characteristic p > 0, a finite field A of characteristic 
7^ p and a non-trivial additive character ■0o: Fp A^. We denote by .if^^ the Artin-Schreier 
locally constant sheaf of A-modules of rank 1 over Gia,k associated to t/jq- Apart from this change 
of conventions, we keep the same notation as in |3l In particular, we consider the sheaves .if^^ {xx) 
and .^^q{xx) over A A and P P respectively. For a scheme W over A x^ A (resp. P x^ P), 
we denote also by J^^^^{xx) (resp. J^^„{xx)) the pull-back of ^^^(xx) (resp. JiC^^{xx)) to W. 
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B.2. Let X be a smooth connected curve over fc, / : X ^ P be a A:-morphism, etale over a dense 
open subscheme of X, Y — /^^(A), s G X{k), z — /(s), z G P(fc). We denote by T and H 
the henselizations of P and X P at i and {s,z) respectively, by f the generic point of T and 
(abusively) by z the closed point of T . We consider _ff as a T-scheme by the morphism H ^ T 
induced by the canonical projection X P ^ P. We denote by U the inverse image of F x^ A in 
Hf = H Xrpf, and let 

(B.2.1) pi.s,z)^^,{H,U,J^^„{xx)), 

where (pz is the invariant defined in (|A.12.2|) . 

Lemma B.3. Under the assumptions of (|B.2p . we have 



'OTds{f*dx) if (2:, i) e P X db, 
1 if {z, z) — (00, 0), 



(B.3.1) P(s,^) = 

where OTds{f*dx) is the order of the non-zero meromorphic differential form f*dx over X. 



The case where {z,z) — (00, 0) follows directly from the definition. Assume that z — db. We 
put y = x~^ and consider the base change Ti ^ T given by T[yi]/{y^ — y). We denote by p the 
generic point of the special fiber of the canonical projection AT x^ Ti ^ Ti, by i? the completion of 
the local ring of A" x^ Ti at p, by the fraction field of R, and by b the image of x in i? (which is 
a unit). Since f *dx ^ 0, b is not a p-th power in R. By ([2] §10), the Swan conductor of J!f^g{xx) 
at p is p, and its refined Swan conductor is the class of the differential form 

db^ [y^P] e n],{\og) (y^R)-P/{y,Ry^+\ 

Moreover, ^^„{xx) is trivialized by a stable extension of K, namely the extension L oi K defined 
by the equation t^ — t — b/yf. Indeed, the integral closure of i? in L is generated over i? by ti = yit 
which satisfies the equation t^ — ti = b. The lemma follows. 

B.4. We keep the assumptions of lB.2l Moreover, let Yq be a dense open subscheme of X contained 
in Y, j: Yq ^ X be the canonical injection, ^ he a, locally constant sheaf of A-modules of rank 1 
over Yq. We denote by pr^ : X XkT ^ X the first projection, and consider the complex of nearby 
cycles 

*(pr^(j,^)®^^„(a;x)) 

in D^(X, A), relatively to the second projection pr2 : AT Xfe T ^ T. We fix an algebraic closure of 
k{f) and denote by 9 the associated geometric point of T. We consider the sheaf ® -Sf^o(i/e) 
over Xg = X Xk (cf . 13.11 for the notation) . 

Proposition B.5. We keep the assumptions of ljB.2p and l|B.4p . 

(i) If s £ Y ~Yq and z = 60, then we have 

dim(1'i(prj(j!^) ®^^„(ra))) = sw,(^) + 1 + ord,(/*dx). 

(ii) // (z, z) — (cx), do), then we have 

d:iTCL{^\{Y>Y*i{j\'i^) ®^i,o{xx))) = sWsx9{%<^^i,oixfe)) + 1 + ord,(/*da;). 

(iii) If{z,z) = (00,0), then we have 

diini^'l{pTl{j0)®^^„ixx))) = sw,xe(% <^ ^Vo(i/e)) - sw,(^). 
This follows from EH and Ell 
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Proposition B.6 ([22] 2.4.3). Let z e P(fc), z e P(fc), T and T be the henselizations of P and 
P at z and z respectively, r and f be the generic points of T and T respectively. Let ^ be a 
constructible sheaf of A-modules over r, of rank rk(^) and Swan conductor sw(^), be the 

set of slopes of ^ . Then the rank of the local Fourier transform of ^ at {z,z) p.4p is given by 



(B.6.1) 



sw(^) + rk(^) 
sw(^) - rk(^) 


rk(^) - sw(^) 




if (z, i) e A X do, 

if (z,i) = (00,00) and 6(^) c]l,oo[, 

if (z,i) = (00,00) and e(^) C [0,1], 

if (z,i) = (00,6) and e(^) C [0,1[, 

if (z,z) = (00,6) and e(^) C [l,oo[. 



By Brauer induction, we may reduce to the case where ^ — f*i^), f:S^ T is a finite 
morphism, etale above r, S is the spectrum of a henselian discrete valuation ring, with generic 
point 77, and is a constructible sheaf of A-modules of rank 1 over 77. There exist a connected 
smooth curve X over k, a /c-morphism / : A ^ P, a point s G A(fc), a dense open subscheme Yq 
of A, and a locally constant constructible sheaf of A-modules of rank 1, ^, over Yq, such that S 
is isomorphic to the henseHzation of A at s, z = /(s), / is induced by /, /{Yq) C A, and is 
isomorphic to the pull-back of to 77. We take again the notation of l|B.2p and (|B.4p (applied to 
/ and ^^). It follows from ([9] XIII 2.1.7.1 and 2.1.7.2) that we have a canonical isomorphism 



(B.6. 2) 



(^) ~ *i(pr*(j!^) (g> ^(xx)). 



Let R be the completion of the local ring of S, K be its fraction field, t be a uniformizer of i?, 
h be the image of x in A", ord be the valuation of K normalized by ord(i) = 1. For v G A', we put 
v' dK.li (z, z) e A X do, then by[E5]and ([25] VI §2), we have 



(B.6.3) 



rk(S^(^'*)(^)) = sw(^) + 1 + ord(6') 

ord(- — 

— x(z) 

-rk(^). 



= sw 



) + ord(6 - x{z)) 



sw(^) 



We fix an algebraic closure of A:(f) and let Q be the associated geometric point of T, and T^g} be 
the henseHzation of T x^ at z x^ 6*. We denote by a subscript {0} the objects deduced from 
objects over T by the base change Tj^g}. T . Similarly as for (|B.6.3p . we have 



(B.6.4) 



rk(g'(°°^*)(^)) 



M'^io} ® flg^{^^o{xx))) + 1 + ord(&') 
sw(?#{e} ® flg}{^^,{xx))) + ord(i6(6-i) 
sw(jr^e} ® ^VoM)) - rk(^). 



ord(6) 



(B.6.5) 



rk(j(oo,o)(^)) = sw(J#{,}®/^*,}(^V'o(a^^)))-sw(^^) 
= sw(^|e} «'-S:V'o(2;i)) - sw(^). 



Let K be a geometric generic point of T^g^, I = 7ri(T, k), = iTi{T{g^, k), /^"^ and (a € Q>o) 
be the classical logarithmic ramification filtrations of respectively / and /{gj ([25j IV, cf. [IJ for 
the notation). For every a € Q>o, the canonical surjective homomorphism I^gy I identifies 
with the image of Ifgy- We consider the slope decomposition of the representation of / 



=®AGe(^)^K,A. 
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By ([22] 2.1.2.7), to conclude the proof of the proposition, it is enough to show that 




Recall that is an Fp-vector space. By (j2] 14.3 and 14.4), we have an isomorphism 



and similarly for ^{e\/-^{e} triviahze the Hne A^-i by x^^). Since we fixed a non- 

trivial character ^o'- ^ , the action of on ,^k,a determines a finite set of characters 

_^ Yp, and hence a finite set of points E C A:. Similarly, the action of on 
J!fjl,g{xx)i^ determines the point x G k{9) (cf. [2] 9.13). Since i ^ E, equation (|B.6.6P follows. 
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